Page 1 / 1
23/06/11

HUMANITY+  SUMMIT

Graduate Union House

Sat 25th & Sun 26th June 2011

Last edited:  23/06/11
“LOGICS”
by Colin KLINE
ABSTRACT:

This presentation will be a super-condensed survey of :
Boolean Logic,  Fuzzy Logic,  Probability Logic,  Pascalian Logic,  Deduction,  Induction,  Hypothesis selection.

Further supplementary logics will be referenced as web-links, available on-line.

I will assume most of this audience have completed secondary schooling to at least Y12 level, and that some may have had some tertiary schooling, including a little of:  psychology, science, maths, physics, statistics.  Or instead, be well read citizens.

This audience ought at least know the word, “Logic”, and hopefully have met Boolean Logic (using Yes/No, True/False).  Knowledge of the 3part Syllogism would be helpful, as well as those canonical contradictions that we all ought to avoid.

However, one has to ask how many of this audience knows of  the many other kinds of logic, each of them with their respective merits, each of them applicable (or not applicable) in various kinds of situations?

And no, I won’t be exploring “gender based” or “culture based” logics,  …  should it be the case that they separately exist.

1.
Boolean Logic (sometimes called Boolean Algebra):

Named after George BOOLE, (Mathematician and Philosopher) 1815 – 1864.


This might be better known in less academic circles as “two valued logic”, because all operations with this kind of logic yield ONLY one of two possible outcomes, i.e.  TRUE or FALSE, (also YES or NO, also 1 or 0).  In this logic, no values in-between are permitted, nor are values above or below these defined outcomes. (In Philosophy termed :  “The Law of the Excluded Middle”).


Here is an example of this kind of logic:


1.1
A Wet-Weather-Grizzle as an Example:


Let the logic variable Raininess (R) be False (if it’s partly drizzling, this will not be recognised, so we propose R is simply False).


Let the logic variable Coatwearing (C) be True (we don’t care if it’s a small, or large coat, we propose C is simply true).


Then the logic variable PersonDryness (D) is True (this means totally dry, and partly dry is not recognised).

This above verbal description can be illuminatingly recast as Truth Tables, or as a Boolean Equations, shown below:

The below expresses the text description as a Dryness Truth Table
	     Coat
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Figure 1. Truth tables
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/ Raininess 
	False
	True

	False
	True
	True
	} Dry = T / F

	True
	False
	True
	


The below expresses the text description as a Dryness Boolean Equation  (remember “Karnaugh Map Optimisations” guys?) 

DRY   =   NOT(R)   OR   (C) … which by DE-MORGAN becomes the dual expression … NOT(DRY)  =   R  AND  NOT(C)

Here, “AND” is a logical (“Boolean”) binary operator, just like (plus, minus, multiply, divide) are Arithmetic binary operators.


There exist two other essential Boolean operators, namely:   “OR”, “NOT”, which are mentioned above.


A 3rd operator, XOR (Exclusive Or) is merely derivative from these basic three, AND/OR/NOT.


Instead of inputs “Raininess” and “Coat-Wearing”, we can now generalise to Boolean input variables X and Y, and output Z.

Here are the truth tables for all thus far named Boolean operators, AND, OR, NOT, XOR :

Z = (X)  AND  (Y)

	
Y input
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X input
	False
	True

	False
	Z = False
	Z = False

	True
	Z = False
	Z = True


Z = (X)   XOR  (Y) 
	
Y input

X input
	False
	True

	False
	Z = False
	Z = True

	True
	Z = True
	Z = False


Z = (X)  OR  (Y)

	
Y input

X input
	False
	True

	False
	Z = False
	Z = True

	True
	Z = True
	Z = True


Z = NOT  (X)
	X input

X column
	

	False
	Z = True

	True
	Z = False


Electrical / Electronic / Computer Engineers have been known to sit around campfires in the bush, late at night, reciting these maps and equations, as others would commemorate verse and ballad (    One should think of something like:  an Engineer’s “Beowulf” saga.

2.
Binary Logic (and Binary Numbers):
Counting with Decimals, (this is a actually ‘minor rant’ – so please forgive) :
Commonsense and logic appear to be amazingly absent in counting.

Example1:  What is the name of the initial distance in a race ?   The first metre?  But a footrace starts at 0m, not in the first metre.
Likewise a race stopwatch starts at 0secs, not in the first sec;

Proof?  When you pass 90cm (say), note the initial metre count is still zero, plus a few centimetres !
Likewise, the initial time period is NOT the first second, for the stopwatch could measure 0 seconds and 500mSecs (say).
In all cases, the initial measure should be called “the zeroth” (metre, or second, or whatever).

READ:

“The Nothing That Is”, R. KAPLAN, Penguin, Y2000;

“The Book of Nothing”, J. BARROW, Vintage, Y2000.

Example2:  The initial biscuit of 10 is “the zeroth”, not “the first”; thus you eat in sequence, 10 biscuits, from the zeroth to the ninth.
Example3:  The initial year of a child’s life is “the zeroth”, not the first – their age could be 11months and 0years - note zero in the years.
Example4:  And finally, a calendar decade is counted by the decimal digit sequence :
0 thru’ to 9,
NOT 1 thru’ to 10
NOTE:   10 is not a digit, it is TWO digits; 
How did all this bizarre decimal counting arise?  

Basically because the Greeks and the Romans had no symbol for zero, and thus counted ‘I’ to ‘X’ (i.e. ten).
The symbol for zero was not invented until about 800AD (?), though there exists some debate about the date.

It is very strange that people, living in our modern society, still arithmetically think the same as those existing before 800AD !

Who invented the symbol “zero?”  Allegedly,  wharekauri haunui invented the number zero in 800AD (WIKI);
Counting with Binary numbers
A binary machine that can only count with 0 or 1 must be pretty primitive, eh?  Many think so.

That it can only answer “Yes” or “No” to any question - is primitive in the extreme?  Many think so.

But even without mentioning the topic of Artificial Intelligence, let me demonstrate how awesomely sophisticated a simple binary machine can be.

Even using simple binary digits of 0 and 1, we express a lot of possibilities between “yes” and “no”.

If we possess a single bit device for outputting binary information, then, yes it can produce only a  “light-on” for yes, or a “light-off ” for no.

We can illustrate this here with a printed “0” for ‘no’,  and a printed “1” for ‘yes’,

And then we get these Bit Patterns:



             | (             (               8 bits wide              (                    (| 
	As power of two.
	27
	26
	25
	24
	23
	22
	21
	20
	2 -1
	2 -2

	Exponent of two
	7
	6
	5
	4
	3
	2
	1
	0
	-1
	-2

	Decimal equivalent
	128
	64
	32
	16
	8
	4
	2
	1
	1/2
	1/4


	1 Bit Pattern = one transistor
 

 
	 
	 
	 
	 
	 
	 
	
	0
	= 'No'


	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	= 'Yes'

	 

 

 

 

 

 

 

 

 

 

 

 

 

 

	2 Bit Pattern = two transistors
 

 
	 
	 
	 
	 
	 
	 
	0
	0
	= 'No'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	0
	1
	= 'maybe No'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	0
	= 'maybe Yes'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	1
	= 'Yes'

	 

 

 

 

 

 

 

 

 

 

 

 

 

	3 Bit Pattern = three transistors
 

 
	 
	 
	 
	 
	 
	0
	0
	0
	= 'No'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	0
	0
	1
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	0
	1
	0
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	0
	1
	1
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	0
	0
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	0
	1
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	1
	0
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	1
	1
	1
	= 'Yes'

	 

 

 

 

 

 

 

 

 

 

 

 

	4 Bit Pattern = four transistors
	 
	 
	 
	 
	0
	0
	0
	0
	= 'No'

	 
	 
	 
	 
	 
	 
	 
	 
	
	0
	0
	0
	1
	= '?'

	
	0
	0
	1
	1
	= '?'

	
	0
	1
	0
	0
	= '?'

	
	0
	1
	0
	1
	= '?'

	
	0
	1
	1
	0
	= '?'

	
	0
	1
	1
	1
	= '?'

	
	1
	0
	0
	0
	= '?'

	
	1
	0
	0
	1
	= '?'

	
	1
	0
	1
	0
	= '?'

	
	1
	0
	1
	1
	= '?'

	
	1
	1
	0
	0
	= '?'

	
	1
	1
	0
	1
	= '?'

	 
	 
	 
	 
	 
	 
	 
	 
	
	1
	1
	1
	1
	= 'Yes'



We can note that modern computers, in Y2011, use bit patterns that are often 64 bits wide.


This implies that there exist 2E19, i.e. 2 followed by 19 zeros, possibilities between “Yes” and “No” !!!    Not so simple !!

The below ASCII table shows how these unused 126 spaces could be put to good use.
http://www.asciitable.com/
ASCII Table and Description, which completely uses a full 8 bit pattern = 128 binary values.

(ASCII stands for American Standard Code For Information Interchange).

Computers can only understand numbers, so an ASCII code gives a numerical representation for all characters such as :

'a' = 0110 0001Binary = 61Hex
all the way to 
'z' = 0110 0001Binary = 0111 1010Hex

‘0’ = 0011 0000B = 30H

all the way to 
‘9’ = 0011 1001B = 39H.

Note that the internal Binary Number 0000 0000 is now assigned to the Null Character on the keyboard;

When you type the decimal zero number on the keyboard, the keyboard sends out 0011 0000B = 30H

And the internal Binary Number 1111 1111 is now assigned to the Delete button on the keyboard.

When you type the DEL button on the keyboard, the keyboard sends out 1111 1111 = FFH.

Q:
So how does ASCII CODE represent the logic values of “Yes” and “No” as cited above ?

A:
1.  You type “yes” and the computer stores “Y, e, s” = 58H, 65H, 73H as three separate numbers.



2.  You type “1” and the computer stores 31H as a single number.



3.  You type “Yes”, and the computer recognises this as a key word, and gives it a special single number.

For those that have been absolutely thrilled by this discussion of ASCII code, here is the whole table.


3.
Possibilities  ( ≠ “Probabilities”)
Let us look at some everyday platitudes that pass as “logic” in common conversation.

3.1  “Everything is possible !”


  If true, then it would be possible that “NOTHING is possible” and §3.1 becomes a perfect self-contradiction !

3.2  “Everything that is possible, MUST eventually occur!”


  If true, then it MUST eventually occur that several people would NEVER make a statement like §3.1.  But never observed.


  Then there is a time perspective, does this mean the possibility:  Has (i) occurred, (ii) is occurring, or (iii) will eventually occur.


  I’ll leave it up to the audience to choose which of these outcomes is the actual truth, or a self-contradiction.

3.3
“If you can’t prove a possibility is wrong, then it MUST be true !”

 
  Umm, how about trying instead :  “Not true, for instead we don’t know, or have enough data to prove either true or false?”

3.4
“This person has committed 100 murders, therefore the very next murder must be attributed to them.”


“This person has committed 100 murders, therefore they will never tell the truth.”


“This person has committed 100 murders, therefore they always steal.”


“Look at her unfashionable shoes … at his dreadful shirt, therefore s/he is a whore, and s/he must be a murderer.”


 This NOT the error of “argumentum ad hominem”;  it’s another logical category;  go look up what it really is.

3.6
“Pascal’s Wager”

See Pat CONDELL’s lampoon of this ‘wager’ @  http://www.youtube.com/watch?v=_Hf2wcCoWCM&feature=feedf
Strangely, Pascal is the very competent “mathematical father” of probability in gaming theory, but he committed an awful logical blunder here.

Basically PASCAL’s  idea says :  “We cannot know if a god does, or does not exist;  but one has much more to lose by NOT believing in him/her/it, than by believing, so it’s far better ‘theological insurance’ to believe than not”.

His error?  Not properly specifying the betting outcomes in this wager.  Should one make wager on ONLY a xian god, or also the many Mayan gods, or a pagan god from 10,000 years ago?  Should one at the same time wager on fairies, elves, unicorns, and a diorama from Valhalla?

Worse, perhaps there exists a God who absolutely despises ppl fawning about him/her/it, and so it would be better insurance not to believe or not to pray at all.  And so on.  Solution?  Everyone should properly characterise the outcomes of the probability/wager event being discussed.
4.
Probabilities, with a-priori & post-priori (or a-posteriori) data:

PREMISE: It is possible to find a “fair coin” such that after extensive testing & sampling, yields an equal number of head or tails.

4.1 This “fairness” is determined by the equation   p = h / (h + t), 

where ‘h’ = number of heads, ‘t’ = number of tails, over, say, 1000 trials, and p = probability, a number between 0 and 1.

If a fair coin, then OVER A LARGE NUMBER OF COIN TOSSES, there will occur an equal number of head and tails, and p = 0.5, or 50%.

It is entirely possible that there could occur a run of 50 tails in sequence, but the essence of probability is that at each and every toss of the coin, it is equally probable that a subsequent head, or tail, could occur. So when cricket captains toss a coin at the start of a Test cricket match, their call of ‘heads’ or ‘tails’ may as well be random every time, instead of sticking consistently to either ‘heads’ or ‘tails’ on every occasion - in the hope that eventually it will come right.

This collection of statistical results is called “post priori” data, i.e.  data known after the fact.  Some may call it empirical data.

4.2 Another kind of data is where the probability is determined by the logic of the test event.  If one possesses a fair die (plural dice), then logically there are only 1/6 faces that can remain upward, after the die has stopped moving.  Therefore the probability of ANY face turning upwards is : 1/6, 0.166666 … (repeating fraction), or 16.6%.  This prior estimate of probability is called “a priori” data, i.e.  data known before the fact.

4.3 So let us consider some other “pub probabilities” that people often puzzle about.

Q: What is the probability of finding an Earth-like planet?
A: The probability is one, for it already exists, as Earth.

[PROOF:
p = successes / (successes + failures) = 1 / (1 +0) = 1.0, i.e.  an Earth–like planet is certain to be found, and has.]
Likewise, in the creationist arena, some assert that our planet, & its life, is impossible without a creator, is obliged to offer data – either a-priori or post-priori - about some definite number for the probability of a god existing.  In fact, none have ever offered such probabilities, and even less do they offer any justification for estimating this figure.  We can note that there is considerable post-priori probability about beliefs in god occurring (very high), but that is a quite different to a probability of the god existing (unknown).  There exist other debunks of the probability of god.

Q: What is the probability for the event of our sun “failing to rise” tomorrow?
A: There is ‘NO post-priori data’ for our Sun “not rising”; 

[PROOF:
p = successes / (successes + failures) = 0 / (0 +1) = 0.0, i.e, probability of event “sun failing to rise” = 0.0]
However, there exists much ‘a priori’ (before the event) data about the evolutionary life-cycles for our species of star, as seen in other galaxies.

Our Sun was ‘born’ abt 22Gya, & follows a well known stable evolutionary cycle for it’s mass and temperature, and will expire in abt 17Gy.  All figures +/- 20%.
So, no cause for our concern, yet !

5.
Fuzzy Logic (and Certainty Values):
Alas, the word “Fuzzy” can be used as a derogatory term in English;  for it can mean any of:  “Imprecise”, “inaccurate”, “shoddy”, “fake”, “not kosher”, “not hallal”, etc.  But it has now become a serious and respectable word in Maths and Engineering.

Lotfi ZADEH, the creator of Fuzzy Logic, long ago established full academic credentials for this discipline, in about 1970.  Soon after, Matushita Electric Company adopted his ideas, and used FL in :  Dishwashers, Washing Machines, Air Conditioners, Microwave Ovens, cameras, Camcorders, TV’s, Copiers.

Further, it would be safe to assert that – nowadays - most upmarket luxury cars all utilise FL in their automatic gearboxes, for selecting gear ratios, estimating the time of changing gear, disengaging and engaging dual clutches, and limiting the torque applied to any particular gear.

Real-World Vagueness vs Digital World Crispness

Every day language abounds with vague and imprecise concepts, such as “Sally is tall”, or “It is very hot today.” 

But crisper (scientific) language might say “Sally is 152cm ( 0.5cm high”, or “Today’s temperature is 30C ( 0.2degree.”
FL provides a scheme for dealing with the imprecision that is so often used by humans.

See spreadsheet illustrations  (
The central notion of FL is that its truth-certainty values fall within the range from 0 to 1.  This is quite alarming for those brought up with the well honoured Law of the Excluded Middle (viz: a claimed fact can be ONLY true, or false).  One should note that FL still honours Boolean Logic by noting that 100% certainty = TRUE, and 0% certainty = False.  But FL also permits certainty values in-between True and False.

One should also note that “certainty” is not the same as “probability”.  Let me explain it this way.  Say there is some new scientific phenomenon, for which there is no fully established explanation yet.  Let us postulate that there exist 5 separate hypotheses to explain this phenomenon, but there exists not a lot of experimental data.

And “certainty” is not the same as “confidence interval” and “confidence factor” in probability theory.
See http://www.surveysystem.com/sscalc.htm

6.
Bayesian Hypothesis Selection & Induction:
This scheme asserts that we must equally apportion initial certainty between all these hypotheses.  Thus h0 has certainty 0.2, h1 has certainty 0.2, and so on until we attribute h4 with certainty = 0.2.

Experiments are then undertaken, and thus some hypotheses are updated with additional confirming evidence, and others may acquire no additional evidence at all, or even disconfirming evidence.  This process is sometimes called “scientific induction”, i.e. progressing from particular instances to general proof.  Going in the opposite direction, from general proof to particular instance, is “scientific deduction”.

At a time later we may see the initial certainty profile evolve to a new profile:  h0 = 0.7, h1 = h2 = 0.1, h3 = 0.8, h4 = 0.1.  Note that the sum of all certainties does not have to equal 1.0, as is so for probabilities.

Clearly h0 and h3, as they now stand are (almost) equally good hypotheses.  So how do we choose between equally competing explanations?

There are several strategies used to resolve this contest.

1. We say we “don’t know” which hypothesis is best, and use either h0 or h3 as suits circumstances.

2. We suspend implementing any hypothesis, and say “more evidence is needed.”

3. We demand that any successful hypothesis must surpass its competitors by a large amount (e.g. the “5 Sigma Proof”, in Physics).

Note these logic “certainties” do not at all correspond to the “probabilities” of gaming theory or statistics.  Certainty predicts that an hypothesis will correctly predict how a particular process works, (a-priori) probability correctly predicts how often a particular outcome will occur.

http://freethinkingblog.blogspot.com/

Induction problem
For example:

We have observed 1000 swans to be white.  Therefore, all swans are probably white

Or

The sun has risen every day throughout recorded human history.  Therefore, it will probably rise tomorrow morning, and every morning.
However, there is a fatal flaw in this type of reasoning, as the philosopher David Hume pointed out in the 18th century.  We can never know for sure that a conclusion reached by inductive reasoning is true.  [COMMENT:  Perhaps we seek not TRUTH, but CERTAINTY.]
The Bayesian Formula/Law/Rule, used in this process of induction, happens to be a monster of a formula.  Here it is, from :

Annals Of The New York Academy Of Sciences

2011 Issue:  The Year in Cognitive Neuroscience - Bayesian Models:  The Structure Of The World, Uncertainty, Behavior, And The Brain
Iris VILARES,1,2 and Konrad KORDING1
Bayesian Statistics gives a systematic way of calculating optimal estimates based on noisy or uncertain data. … Models in Bayesian statistics start with the idea that the nervous (many) systems need to estimate variables in the world that are relevant (x) based on observed information (o), typically coming from our senses (e.g., audition, vision, olfaction).  BAYES RULE
 then allows calculating how likely each potential estimate x is, given the observed information o:         p(x|o) = p(o|x) . p(x) / p(o).
For example, consider the case of estimating if our cat is hungry (x = “hungry”) given that it meowed (o = “meow”).  If the cat usually meows if hungry (p(o|x) = 90%), is hungry a quarter of the time (p(x) = 25%), and does not meow frequently (p(o) = 30%),  then it is quite probably hungry when it meows (p(x|o) = 90%×25%/30% = 75%).

My talk today is NOT about the intricacies of such maths, worthy as they be.  So a rough analogy may then suffice.

Given the toss of a (fair) coin, a common STATISTICAL premise asserts that each and every toss of that coin has equal probability of turning up heads, or tails, no matter how many heads or tails have preceded the current event (toss).

But BAYES says otherwise, that prior hypotheses can be utilised for updating the current hypothesis, by merging prior hyp/stats with new hyp/stats, to give better hyp/stats.  This new premise is now the basis of all modern Scientific Induction.

For another presentation about Bayes’ Theorem, Uncertainty, and Decision Making (in the face of that uncertainty), see :

http://www.youtube.com/watch?v=QNwQcEUFTxg&feature=related
END OF KLINE PRESENTATION = 5 data-projected pages in 1 hour (approx)
The following 35 pages of references and appendices could be stored @ Conference Website, or on Scribd, for interested parties to read.
Supplementary topics -  for another conference, another time.
7.
The Next Generation of Neural Networks
This topic would undoubtedly be the next step in any complete study of the Evolution of Logics.

Alas, it would require another hour for me to present this, at least.  So I won’t.

Instead, I offer a very good UTUBE on this topic, by Geoffrey HINTON, and it is probably far more entertaining than anything I could deliver.
http://www.youtube.com/watch?v=AyzOUbkUf3M&feature=relmfu
Neural Network Logic
“Neural Networks” are real entities, not just buzz words dropping of the tongues of sci-fi writers.

However there is much dispute about the theoretical frameworks to be employed in this area. e.g. :

1.
Handbook of philosophical logic, Volume 13‬

http://books.google.com.au/books?id=ClP7H46yfH0C&pg=PA47&lpg=PA47&dq=Connectionist+Logic&source=bl&ots=zJcuB69ZC_&sig=ru8H063KmqXGkjaSYkU9p6oE9_A&hl=en&ei=YBkATpqyI4WwvgPosICQDg&sa=X&oi=book_result&ct=result&resnum=7&ved=0CDQQ6AEwBg#v=onepage&q=Connectionist%20Logic&f=false
By Dov M. GABBAY, Franz GUENTHNER
 “Connectionist Logic
There is a large literature - if not a large consensus - on various aspects of non-symbolic, subconscious cognition ... Most, if not all, of what people don’t like about so liberal a conception of logic is already present in the standard objections to psychologism ...”
2.
Connectionist-weighted fuzzy logic programs
http://www.sciencedirect.com/science/article/pii/S0925231208002087
1Alexandros CHORTARAS, a,,  Giorgos STAMOUA,  and Andreas STAFYLOPATISA,  

aSchool of Electrical and Computer Engineering, National Technical University of Athens, Zografou 157 80, Greece.  Available online 26 April 2008. 
Abstract

Fuzzy logic programs are a useful framework for imperfect knowledge representation and reasoning using the formalism of logic programming.  Nevertheless, there is the need for modeling adaptation of fuzzy logic programs, so that machine learning techniques, such as connectionist-based learning, can be applied.  Weighted fuzzy logic programs bring fuzzy logic programs and connectionist models closer together by associating a significant weight with each atom in the body of a fuzzy rule: by exploiting the existence of the weights, it is possible to construct a connectionist model that reflects the exact structure of a weighted fuzzy logic program.  Based on the connectionist representation, we first define the weight adaptation problem as the task of adapting the weights of the rules of a weighted fuzzy logic program, so that they fit best a set of training data, and then we develop a subgradient descent learning algorithm for the connectionist model that allows us to obtain an approximate solution for the weight adaptation problem.
8.
Quantum Computing, and the Limits of the Efficiently Computable - 2011 Buhl Lecture, by Scott AARONSON
This topic is also important to the Evolution of Logics, and its successor AI-Logic, and thus important to all discussions of a candidate “SuperComputer” that might be used in a much conjectured “Technical Singularity.”

But, this topic would require another 2 or 3 hours to present.

So instead I offer a link for this audience to pursue:  http://www.youtube.com/watch?v=8bLXHvH9s1A
This link addresses the problem:  “Does P = NP! ”

Yes, that question must conclude with an exclamation mark, not a question mark, for this exclamation mark is the “factorial operator”.

Of the seven hardest mathematical questions that remain unsolved today, (with a $1M prize to whomever solves one) this question is the hardest.  And, as AARONSEN says, if this question were solved, then the remaining 6 problems would then be solvable by a clever computer, and “The Technical Singularity” would inevitably result.

Quantum Logic
In normal Boolean Logic Circuits, one has to slowly and separately ascertain those inputs which will cause the output to become true.  See Wet-Day-Grizzle Example.

In Quantum Logic Circuits, each and every logic input is simultaneously both one and zero, or in the patois of QL, “the logic states are entangled/cohered”.  See: http://prl.aps.org/abstract/PRL/v106/i13/e130506, “14-Qubit Entanglement  :    Creation and Coherence”
9.
Paraconsistent logic, by Graham PRIEST:
Although Gödel's theorems are usually studied in the context of classical logic, they also have a role in the study of paraconsistent logic and of inherently contradictory statements (dialetheia).
Graham PRIEST (1984, 2006, Philosophy Dept, University of Melbourne) argues that replacing the notion of formal proof in Gödel's theorem with the usual notion of informal proof can be used to show that naive mathematics is inconsistent, and uses this as evidence for dialetheism.

The cause of this inconsistency is the inclusion of a truth predicate for a theory within the language of the theory (PRIEST 2006:47).
Stewart SHAPIRO (2002) gives a more mixed appraisal of the applications of Gödel's theorems to dialetheism.  Carl HEWITT (2008) has proposed (inconsistent) paraconsistent logics, that prove their own Gödel sentences, may have applications in software engineering.

10.
Backward Chaining Logic, as used in Expert Systems
We well know the usual forward chain of inference in Boolean Logic, and Computer Programs, which is :

1.  SEQUENTIAL chain of  2. IF/THEN/ELSE and probably adding  3. a few DO/WHILE loops as well, e.g.

IF A AND B, THEN X1, ELSE X2
IF A OR NOT (C), THEN Y1, ELSE Y2

IF NOT(B) AND NOT (C), THEN Z1, ELSE Z2.  END.

This is a “forward chain of logic”, where “Boolean Logic” flow is driven by:  1. Sequence;  2. Tests AND/OR/NOT;  3. Loops;  4. Memory.

However, an “Expert System” follows Facts/Rules/Relations, forwards and backwards, and adds confidence factors and truth-thresholds.
A “backward chain of logic” sets all the outputs to TRUE, and then ascertains what the the inputs should be to bring that about.

Criminal investigations are famous for this modality of logic, frex, “Here is a crime C, with properties P, what actions X, Y, Z … could have caused this?”  However, Msr POIROT has often demonstrated, “Correlations are not always Causations, Agatha.”

11.
Heuristic Reasoning & the “Reason!able” Program @ Uni of Melbourne (in Philosophy 101, via Tim van GELDER).

What is an heuristic?  It has often been equated to “a guess”, but that is far too imprecise.  Some equate it to “inductive reasoning” based upon previous experience.  Still not good enough.  The best definition I have found is :


heuristic = “a contingent algorithm,” used where no algorithm has previously existed.”

e.g.
If one is hungry,


(This would be an intrinsic function, built into a robot)


Then acquire food (buy, borrow steal),
(This would be a learned function, or self-discovered = heuristic)


Then store, or cook, or eat;

(Another learned function)


Else defer / starve to death.

(As #5 said in <Short Circuit>  “Death = Urrgh”, learned from “The Three Stooges” on TV)
12.
How Are We To To Recognise an Artificial Intelligence, or a Superior Intelligence ?

The “Turing Test “ is a most able and competent procedure for ascertaining “equivalent intelligence”, between man and machine.


But it does not, and cannot, ascertain if any candidate intelligence is superior to man (any man/woman).


Discuss TURING and consequences.  Test intelligence, not human likeness !


Indeed, it also is alleged that no unaided human is able to assess any intelligence that is vastly superior to itself.

See:
“Superior Beings.  If They Exist, How Would We Know?”

Contents:  Game-Theoretic Implications of :   Omnipotence, Omniscience, Immortality, and Incomprehensibility.

BRAMS, Steven, Springer Verlag, 2nd ed., 2007, XXII, 202 p. 32 illus.
This book might be a bit too theological for serious discussion in AI circles.
SEARLE’s “Chinese Room”:  (from “The Mystery of Consciousness”, SEARLE, Granta Books, London, 1997
It can be persuasively argued that John SEARLE’s position, re AI, via his “Chinese Room Argument” (page.11f.f.) is quite unsupportable.

To capture the flaw in SEARLE’s argument, let us inform SEARLE that (a) a competent Chinese human translator is inside the room, but we lie, for in fact instead there is inside (b) a competent Machine translator.

How can SEARLE “tell the difference”, how can SEARLE “tell that inside the room there is a stupid box of bolts”, how can SEARLE tell if the Chinese room contains “a mere symbol processor” or “a human understander”?

In fact, SEARLE has no such ‘magic’ powers !  He cannot measure the difference between human understanding and any ably simulated human understanding.  This criticism of SEARLE works just as well if we interchange (a) and (b), and tell the opposite lie.

Thus his alleged “stupid”* human in the room is irrelevant; s/he is just a component carrying messages to and from the rule book, and can be totally replaced by a machine doing the same job.  This human component in the Chinese room does not ‘understand’, just as a single transistor, or a single neuron in a brain does not understand.

*
SEARLE uses “finer language” than this – he asserts that the human-processor inside the Chinese Room:  “… displays no intentionality, no consciousness, no understanding, no awareness of qualia … (he varies from week to week)”  …  aka “the human in the room is stupid”.
SEARLE no doubt would assert that a “single human neuron is stupid”.  But, contradictorily, he earnestly claims that “many stupid neurons” in a human brain can show ‘understandings’ of the type he asserts is essential.  No, SEARLE is like a vitalist, he asserts that there is something ‘sacred” within humans, like a soul, or a consciousness, or intentionality, or qualia, or, or …

Likewise, the understanding displayed by the combination of [Chinese-room + stupid-human + clever-rule-book] cannot be distinguished from the understanding of [a single (clever) human], or [a single (clever) computer].
WIKIPEDIA on SEARLE - Intentionality vs. consciousness
See also: Hard problem of consciousness
Searle's original argument centered on 'understanding' — that is, mental states with what philosophers call 'intentionality' — and did not directly address other closely related ideas such as 'consciousness'. David Chalmers argued that "it is fairly clear that consciousness is at the root of the matter".[36] 
In more recent presentations of the Chinese Room, SEARLE has included 'consciousness' as part of the argument as well.[26]
What about IBM-WATSON ?          Is that a true A.I. ?
Or is it just another “splinter intelligence”, playing the game of “Jeopardy”, not unlike the splinter intelligences of a Grand-Master-Chess-Machine-Program, or World-Champion-Poker-Player-Program … ?
JEOPARDY CHALLENGES WEB-LINKS TO UTUBE ADDRESSES

WATSON DAY 1

http://www.youtube.com/watch?v=ZLdkJpAtt1I&feature=related

WATSON DAY 2

http://www.youtube.com/watch?v=PHhDLUVAtqU&feature=related

WATSON DAY 3

http://www.youtube.com/watch?v=o6oS64Bpx0g&feature=related

13.
Objections to “The Singularity Concept”.


Such a discussion point requires a conference of its own – like “The Singularity Summit”, Melbourne, August 20-21, 2011

See my §8, “Computational Infeasibility”, for an example.
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ANNEXES (of Web DL’s, often hard to find because web-sites can be quite volatile):

http://en.wikipedia.org/wiki/Boolean_algebra_(logic)

Boolean Algebra (Logic)

Boolean algebra (or Boolean logic) is a logical calculus of truth values, developed by George Boole in the 1840s
.  It resembles the algebra of real numbers, but with the numeric operations of multiplication xy, addition x + y, and negation −x replaced by the respective logical operations of conjunction x∧y, disjunction x∨y, and negation ¬x.  The Boolean operations are these and all other operations that can be built from these, such as x∧(y∨z).  These turn out to coincide with the set of all operations on the set {0,1} that take only finitely many arguments; there are 22n such operations when there are n arguments.

The laws of Boolean algebra can be defined axiomatically as certain equations called axioms together with their logical consequences called theorems, or semantically as those equations that are true for every possible assignment of 0 or 1 to their variables.  The axiomatic approach is sound and complete in the sense that it proves respectively neither more nor fewer laws than the semantic approach.

Values
Boolean algebra is the algebra of two values.  These are usually taken to be 0 and 1, as we shall do here, although F and T, false and true, etc.  are also in common use.  For the purpose of understanding Boolean algebra any Boolean domain of two values will do.

Regardless of nomenclature, the values are customarily thought of as essentially logical in character and are therefore referred to as truth values, in contrast to the natural numbers or the reals which are considered numerical values.  On the other hand the algebra of the integers modulo 2, while ostensibly just as numeric as the integers themselves, was shown to constitute exactly Boolean algebra, originally by I.I.  Zhegalkin in 1927 and rediscovered independently in the west by Marshall Stone in 1936.  So in fact there is some ambiguity in the true nature of Boolean algebra: it can be viewed as either logical or numeric in character.

More generally Boolean algebra is the algebra of values from any Boolean algebra as a model of the laws of Boolean algebra.  For example the bit vectors of a given length, as with say 32-bit computer words, can be combined with Boolean operations in the same way as individual bits, thereby forming a 232-element Boolean algebra under those operations.  Any such combination applies the same Boolean operation to all bits simultaneously.  This passage from the Boolean algebra of 0 and 1 to these more general Boolean algebras is the Boolean counterpart of the passage from the algebra of the ring of integers to the algebra of commutative rings in general.  The two-element Boolean algebra is the prototypical Boolean algebra in the same sense as the ring of integers is the prototypical commutative ring.  Boolean logic as the subject matter of this article is independent of the choice of Boolean algebra (the same equations hold of every nontrivial Boolean algebra); hence, there is no need here to consider any Boolean algebra other than the two-element one.  The article on Boolean algebra (structure) treats Boolean algebras themselves.

Operations
Basic operations
After values, the next ingredient of any algebraic system is its operations.  Whereas elementary algebra is based on numeric operations multiplication xy, addition x + y, and negation −x, Boolean algebra is customarily based on logical counterparts to those operations, namely conjunction x∧y (AND), disjunction x∨y (OR), and complement or negation ¬x (NOT).  In electronics, the AND is represented as a multiplication, the OR is represented as an addition, and the NOT is represented with an overbar: x ∧ y and x ∨ y, therefore, become xy and x + y.

Conjunction is the closest of these three to its numerical counterpart, in fact on 0 and 1 it is multiplication.  As a logical operation the conjunction of two propositions is true when both propositions are true, and otherwise is false.  The first column of Figure 1 below tabulates the values of x∧y for the four possible valuations for x and y; such a tabulation is traditionally called a truth table.

Disjunction, in the second column of the figures, works almost like addition, with one exception: the disjunction of 1 and 1 is neither 2 nor 0 but 1.  Thus the disjunction of two propositions is false when both propositions are false, and otherwise is true.  This is just the definition of conjunction with true and false interchanged everywhere; because of this we say that disjunction is the dual of conjunction.

Logical negation however does not work like numerical negation at all.  Instead it corresponds to incrementation: ¬x = x+1 mod 2.  Yet it shares in common with numerical negation the property that applying it twice returns the original value: ¬¬x = x, just as −(−x) = x.  An operation with this property is called an involution.  The set {0,1} has two permutations, both involutary, namely the identity, no movement, corresponding to numerical negation mod 2 (since +1 = −1 mod 2), and SWAP, corresponding to logical negation.  Using negation we can formalize the notion that conjunction is dual to disjunction via De Morgan’s laws, ¬(x∧y) = ¬x ∨ ¬y and ¬(x∨y) = ¬x ∧ ¬y.  These can also be construed as definitions of conjunction in terms of disjunction and vice versa: x∧y = ¬(¬x ∨ ¬y) and x∨y = ¬(¬x ∧ ¬y).

Various representations of Boolean operationsFigure 2 shows the symbols used in digital electronics for conjunction and disjunction; the input ports are on the left and the signals flow through to the output port on the right.  Inverters negating the input signals on the way in, or the output signals on the way out, are represented as circles on the port to be inverted.
Derived operations
Other Boolean operations are derivable from these by composition.  For example implication x→y(IMP), in the third column of the figures, is a binary operation which is false when x is true and yis false, and true otherwise.  It can be expressed as x→y = ¬x∨y (the OR-gate of Figure 2 with the x input inverted), or equivalently ¬(x∧¬y) (its De Morgan equivalent in Figure 3).  In logic this operation is called material implication, to distinguish it from related but non-Boolean logical concepts such as entailment and relevant implication.  The idea is that an implication x→y is by default true (the weaker truth value in the sense that false implies true but not vice versa) unless its premise or antecedent x holds, in which case the truth of the implication is that of its conclusion or consequent y.

Although disjunction is not the exact counterpart of numerical addition, Boolean algebra nonetheless does have an exact counterpart, called exclusive-or (XOR) or parity, x⊕y.  As shown in the fourth column of the figures, the exclusive-or of two propositions is true just when exactly one of the propositions is true; equivalently when an odd number of the propositions is true, whence the name "parity".  Exclusive-or is the operation of addition mod 2.  The exclusive-or of any value with itself vanishes, x⊕x = 0, since the arguments have an even number of whatever value x has.  Its digital electronics symbol is shown in Figure 2, being a hybrid of the disjunction symbol and the equality symbol.  The latter reflects the fact that the negation (which is also the dual) of XOR, ¬(x⊕y), is logical equivalence, EQV, being true just when x and y are equal, either both true or both false.  XOR and EQV are the only binary Boolean operations that are commutative and whose truth tables have equally many 0s and 1s.  Exclusive-or together with conjunction constitute yet another complete basis for Boolean algebra, with the Boolean operations reformulated as the Zhegalkin polynomials.

Another example is Sheffer stroke, x|y, the NAND gate in digital electronics, which is false when both arguments are true, and true otherwise.  NAND is definable by composition of negation with conjunction as x |y = ¬(x∧y).  It does not have its own schematic symbol as it is easily represented as an AND gate with an inverted output.  Unlike conjunction and disjunction, NAND is a binary operation that can be used to obtain negation, via the definition ¬x = x|x.  With negation in hand one can then in turn define conjunction in terms of NAND via x∧y = ¬(x|y), from which all other Boolean operations of nonzero arity can then be obtained.  NOR, ¬(x∨y), as the evident dual of NAND serves this purpose equally well.  This universal character of NAND and NOR makes them a popular choice for gate arrays, integrated circuits with multiple general-purpose gates.

The above-mentioned duality of conjunction and disjunction is exposed further by De Morgan’s laws, ¬(x∧y) = ¬x∨¬y and ¬(x∨y) = ¬x∧¬y.  Figure 3 illustrates De Morgan’s laws by giving for each gate its De Morgan dual, converted back to the original operation with inverters on both inputs and the outputs.  In the case of implication, taking the form of an OR-gate with one inverter on disjunction, that inverter is canceled by the second inverter that would have gone there.  The De Morgan dual of XOR is just XOR with an inverter on the output (there is no separate symbol); as with implication, putting inverters on all three ports cancels the dual’s output inverter.  More generally, changing an odd number of inverters on an XOR gate produces the dual gate, an even number leaves the gate’s functionality unchanged.

As with all the other laws in this section, De Morgan’s laws may be verified case by case for each of the 2n possible valuations of the n variables occurring in the law, here two variables and hence 22 = 4 valuations.  De Morgan’s laws play a role in putting Boolean terms in certain normal forms, one of which we will encounter later in the section on soundness and completeness.

Figure 4 illustrates the corresponding Venn diagrams for each of the four operations presented in Figures 1-3.  The interior (respectively exterior) of each circle represents the value true (respectively false) for the corresponding input, x or y.  The convention followed here is to represent the true or 1 outputs as dark regions and false as light, but the reverse convention is also sometimes used.

All Boolean operations
There are infinitely many expressions that can be built from two variables using the above operations, suggesting great expressiveness.  Yet a straightforward counting argument shows that only 16 distinct binary operations on two values are possible.  Any given binary operation is determined by its output values for each possible combination of input values.  The two arguments have 2 × 2 = 4 possible combinations of values between them, and there are 24 = 16 ways of assigning an output value to each of these four input values.  The choice of one of these 16 assignments then determines the operation; so all together there are only 16 distinct binary operations.

The 16 binary Boolean operations can be organized as follows:

Two constant operations, 0 and 1.

Four operations dependent on one variable, namely x, ¬x, y, and ¬y, whose truth tables amount to two juxtaposed rectangles, one containing two 1s and the other two 0s.

Two operations with a "checkerboard" truth table, namely XOR and EQV.

Four operations are obtained from disjunction with some subset of its inputs negated, namely x∨y, x→y, y→x, and x|y; their truth tables contain a single 0.

The final four come from the same treatment applied to conjunction, having a single 1 in their truth tables.
10 of the 16 operations depend on both variables; all are representable schematically as an AND-gate, an OR-gate, or an XOR-gate, with one port optionally inverted.  For the AND and OR gates the location of each inverter matters, for the XOR gate it does not, only whether there is an even or odd number of inverters.

Operations of other arities are possible.  For example the ternary counterpart of disjunction can be obtained as (x∨y)∨z.  In general an n-ary operation, one having n inputs, has 2npossible valuations of those inputs.  An operation has two possibilities for each of these, whence there exist 22n n-ary Boolean operations.  For example, there are 232 = 4,294,967,296 operations with 5 inputs.

Although Boolean algebra confines attention to operations that return a single bit, the concept generalizes to operations that take n bits in and return x bits instead of one bit.  Digital circuit designers draw such operations as suitably shaped boxes with n wires entering on the left and m wires exiting on the right.  Such multi-output operations can be understood simply as m n-ary operations.  The operation count must then be raised to the m-th power, or, in the case of n inputs, (22n)m = 2m2n operations.  The number of Boolean operations of this generalized kind with say 5 inputs and 5 outputs is 1.46 × 1048.  A logic gate or computer module mapping 32 bits to 32 bits could implement any of 5.47 × 1041,373,247,567 operations, more than is obtained by squaring a googol 28 times.

Laws, Axioms
With values and operations in hand, the next aspect of Boolean algebra is that of laws or properties.  As with many kinds of algebra, the principal laws take the form of equations between terms built up from variables using the operations of the algebra.  Such an equation is deemed a law or identity just when both sides have the same value for all values of the variables, equivalently when the two terms denote the same operation.

Numeric algebra has laws such as commutativity of addition and multiplication, x + y = y + x and xy = yx.  Similarly, Boolean algebra has commutativity in that x ∨ y = y ∨ x for disjunction and x ∧ y = y ∧ x for conjunction.  Not all binary operations are commutative; Boolean implication, like subtraction and division, is not commutative.

Another equally fundamental law is associativity, which in the case of numeric multiplication is expressed as x(yz) = (xy)z, justifying abbreviating both sides to xyz and thinking of multiplication as a single ternary operation.  All four of numeric addition and multiplication and logical disjunction and conjunction are associative, giving for the latter two the Boolean laws x ∨ (y ∨ z) = (x ∨ y) ∨ z and x ∧ (y ∧ z) = (x ∧ y) ∧ z.

Again numeric subtraction and logical implication serve as examples, this time of binary operations that are not associative.  On the other hand exclusive-or, being just addition mod 2, is both commutative and associative.

Boolean algebra does not completely mirror numeric algebra however, as both conjunction and disjunction satisfy idempotence, expressed respectively as x ∧ x = x and x ∨ x = x.  These laws are easily verified by considering the two valuations 0 and 1 for x.  But since 2 + 2 = 2 × 2 = 4 in arithmetic, clearly numeric addition and multiplication are not idempotent.  With arithmetic mod 2 on the other hand, multiplication is idempotent, though not addition since 1 + 1 = 0 mod 2, reflected logically in the idempotence of conjunction but not of exclusive-or.

A more subtle difference between number and logic is with x(x + y) and x + xy, neither of which equal x numerically.  In Boolean algebra however, both x ∧ (x ∨ y) and x ∨ (x ∧ y) are equal to x, as can be verified for each of the four possible valuations for x and y.  These two Boolean laws are called the laws of absorption.  These laws (both are needed) together with the associativity, commutativity, and idempotence of conjunction and disjunction constitute the defining laws or axioms of lattice theory.  (Actually idempotence can be derived from the other axioms.)

Another law common to numbers and truth values is distributivity of multiplication over addition, when paired with distributivity of conjunction over disjunction.  Numerically we havex(y + z) = xy + xz, whose Boolean algebra counterpart is x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).  On the other hand Boolean algebra also has distributivity of disjunction over conjunction,x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z), for which there is no numeric counterpart, consider 1 + 2 × 3 = 7 whereas (1 + 2) × (1 + 3) = 12.  Like associativity, distributivity has three variables and so requires checking 23 = 8 cases.

Either distributivity law for Boolean algebra entails the other.  Adding either to the axioms for lattices axiomatizes the theory of distributive lattices.  That theory does not need the idempotence axioms because they follow from the six absorption, distributivity, and associativity laws.

Two Boolean laws having no numeric counterpart are the laws characterizing logical negation, namely x ∧ ¬x = 0 and x ∨ ¬x = 1.  These are the only laws thus far that have required constants.  It then follows that x ∧ 0 = x ∧ (x ∧ ¬x) = (x ∧ x) ∧ ¬x = x ∧ ¬x = 0, showing that 0 works with conjunction in logic just as it does with multiplication of numbers.  Also x ∨ 0 = x ∨ (x ∧ ¬x) = x by absorption.  Dualizing this reasoning, we obtain x ∨ 1 = 1 and x ∧ 1 = x.  Alternatively we can justify these laws more directly simply by checking them for each of the two valuations of x.

The six laws of lattice theory along with these first two laws for negation axiomatize the theory of complemented lattices.  Including either distributivity law then axiomatizes the theory of complemented distributive lattices.  For convenience we collect these nine laws in one place as follows.
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	complements


The next two sections show that this theory is sufficient to axiomatize all the valid laws or identities of two-valued logic, that is, Boolean algebra.  It follows that Boolean algebra as commonly defined in terms of these axioms coincides with the intuitive semantic notion of the valid identities of two-valued logic.

Derivations
While the Boolean laws enumerated in the previous section are certainly highlights of Boolean algebra, they by no means exhaust the laws, of which there are infinitely many, nor do they even exhaust the highlights.  As it is out of the question to proceed in the ad hoc way of the preceding section for ever, the question arises as to how best to present the remaining laws.

One way of establishing an equation as being a law is to verify its truth for all valuations of its variables, sometimes called the method of truth tables.  This is the method we depended on in the previous section to justify each law as we introduced it, constituting the semantic approach to establishing laws.  From a practical standpoint the method lends itself to computer implementation for 20-30 variables because the enumeration of valuations is straightforward to program and boring to carry out, making it ideal work for a computer.  Because there are 2n valuations to check the method starts to become impractical as 40 variables is approached.  Beyond that the approach becomes of value mainly as the in-principle semantic definition of what constitutes an identically true or valid equation.

In contrast the syntactic approach is to derive new laws by symbolic manipulation from already established laws such as those listed in the previous section.  (This is not to imply that derivations of a law shorter than the length of a semantic verification of that law need exist, although some thousand-variable laws impossible to verify by enumeration of valuations can have quite short derivations.) 

Here is an example showing the derivation of (w∨x)∨(y∨z) = (w∨y)∨(x∨z) from just the commutativity and associativity of disjunction.

(w∨x)∨(y∨z) 
= ((w∨x)∨y)∨z
= (w∨(x∨y))∨z
= (w∨(y∨x))∨z
= ((w∨y)∨x)∨z
= (w∨y)∨(x∨z)


The first two and last two steps appealed to associativity while the middle step used commutativity.

The rules of derivation for forming new laws from old can be assumed to be those permissible in high school algebra.  For definiteness however it is worthwhile formulating a well-defined set of rules showing exactly what is needed.  These are the domain-independent rules of equational logic, as sound for logic as they are for numerical domains or any other kind.

Reflexivity: t = t.  That is, any equation whose two sides are the same term t is a law.  (While arguably an axiom rather than a rule since it has no premises, we classify it as a rule because like the other three rules it is domain-independent, making no mention of specific logical, numeric, or other operations.)

Symmetry: From s = t infer t = s.  That is, the two sides of a law may be interchanged.  Intuitively one attaches no importance to which side of an equation a term comes from.

Transitivity: A chain s = t = u of two laws yields the law s = u.  (This law of "cutting out the middleman" is applied four times in the above example to eliminate the intermediate terms.)

Substitution: Given two laws and a variable, each occurrence of that variable in the first law may be replaced by one or the other side of the second law.  (Distinct occurrences can be replaced by distinct sides, but every occurrence must be replaced by one or the other side.)
While the first equation in the above example might seem simply a straightforward application of the associativity law, when analyzed more carefully according to the above rules it can be seen to require something more.  We can justify it in terms of the reflexivity and substitution rules.  Beginning with the laws x∨(y∨z) = (x∨y)∨z and w∨x = w∨x, we use substitution to replace both occurrences of x by w∨x to arrive at the first equation.  All five equations in the chain are accounted for along similar lines, with commutativity in place of associativity in the middle equation.

Soundness and completeness
It can be shown that the two approaches, semantic and syntactic, to constructing all the laws of Boolean algebra lead to the same set of laws.  We say that the syntactic approach is sound when it yields a subset of the semantically obtained laws, and complete when it yields a superset thereof.  We can then restate this coinciding of the semantic and syntactic approaches as the soundness and completeness of the syntactic approach with respect to (or as calibrated by) the semantic approach.

Soundness follows firstly from the fact that the initial laws or axioms we started from were all identities, that is, semantically true laws.  Secondly it depends on the easily verified fact that the rules preserve identities.

Completeness can be proved by first deriving a few additional useful laws and then showing how to use the axioms and rules to prove that a term with n variables, ordered alphabetically say, is equal to its n-ary normal form, namely a unique term associated with the n-ary Boolean operation realized by that term with the variables in that order.  It then follows that if two terms denote the same operation (the same thing as being semantically equal), they are both provably equal to the normal form term denoting that operation, and hence by transitivity provably equal to each other.

There is more than one suitable choice of normal form, but complete disjunctive normal form will do.  A literal is either a variable or a negated variable.  A disjunctive normal form (DNF) term is a disjunction of conjunctions of literals.  (Associativity allows a term such as x∨(y∨z) to be viewed as the ternary disjunction x∨y∨z, likewise for longer disjunctions, and similarly for conjunction.) A DNF term is complete when every disjunct (conjunction) contains exactly one occurrence of each variable, independently of whether or not the variable is negated.  Such a conjunction uniquely represents the operation it denotes by virtue of serving as a coding of those valuations at which the operation returns 1.  Each conjunction codes the valuation setting the positively occurring variables to 1 and the negated ones to 0; the value of the conjunction at that valuation is 1, and hence so is the whole term.  At valuations corresponding to omitted conjunctions, all conjunctions present in the term evaluate to 0 and hence so does the whole term.

In outline the general technique for converting any term to its normal form, or normalizing it, is to use De Morgan’s laws to push the negations down to the variables.  This yields monotone normal form, a term built from literals with conjunctions and disjunctions.  For example ¬(x ∨ (¬y∧z)) becomes ¬x ∧ ¬(¬y∧z) and then ¬x ∧ (¬¬y∨¬z).  Applying ¬¬x =x then yields ¬x ∧ (y∨¬z).

Next use distributivity of conjunction over disjunction to push all conjunctions down below all disjunctions, yielding a DNF term.  This makes the above example (¬x∧y) ∨ (¬x∧¬z).

Then for each variable y, replace each conjunction x not containing y with the disjunction of two copies of x, with y conjoined to one copy of x and ¬y conjoined to the other, in the end yielding a complete DNF term.  (This is one place where an auxiliary law helps, in this case x = x∧1 = x∧(y∨¬y) = (x∧y) ∨ (x∧¬y).) In the above example the first conjunction lacks z while the second lacks y; expanding appropriately yields the complete DNF term (¬x∧y∧z) ∨ (¬x∧y∧¬z) ∨ (¬x∧¬z∧y) ∨ (¬x∧¬z∧¬y).

Next use commutativity to put the literals in each conjunction in alphabetical order.  The example becomes (¬x∧y∧z) ∨ (¬x∧y∧¬z) ∨ (¬x∧y∧¬z) ∨ (¬x∧¬y∧¬z).  This brings any repeated copies of literals next to each other; delete the redundant copies using idempotence of conjunction, not needed in our example.

Lastly order the disjuncts according to a suitable uniformly applied criterion.  The criterion we use here is to read the positive and negative literals of a conjunction as respectively 1 and 0 bits, and to read the bits in a conjunction as a binary number.  In our example the bits are 011, 010, 010, 000, or in decimal 3, 2, 2, 0.  Ordering them numerically as 0, 2, 2, 3 yields (¬x∧¬y∧¬z) ∨ (¬x∧y∧¬z) ∨ (¬x∧y∧¬z) ∨ (¬x∧y∧z).  Note that these bits are exactly those valuations for x, y, and z that satisfy our original term ¬(x∨(¬y∧z)).  Complete DNF amounts to a canonical way of representing the truth table for the original term as another term.

Repeated conjunctions can then be deleted using idempotence of disjunction, which simplifies our example to (¬x∧¬y∧¬z) ∨ (¬x∧y∧¬z) ∨ (¬x∧y∧z).

In this way we have proved that the term we started with is equal to the normal form term for the operation it denotes.  Hence all terms denoting that operation are provably equal to the same normal form term and hence by transitivity to each other.
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Three-Valued Logic

From Wikipedia, the free encyclopedia

In logic, a three-valued logic (also trivalent or ternary logic, sometimes abbreviated 3VL) is any of several many-valued logic systems in which there are three truth values indicating true, false and some indeterminate third value.  This is contrasted with the more commonly known bivalent logics (such as classical sentential or boolean logic) which provide only for true and false.  Conceptual form and basic ideas were initially created by Łukasiewicz, Lewis and Sulski.  These were then re-formulated by Grigore Moisil in an axiomatic algebraic form, and also extended to n-valued logics in 1945.

Concerning fuzziness, ternary logic might be seen formally as a fuzzy type of logic as a value may be different from just false (0) or true (1); however, ternary logic is defined as a crisp logic.
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Representation of values
As with bivalent logic, truth values in ternary logic may be represented numerically using various representations of the ternary numeral system.  A few of the more common examples are:

1 for true, 2 for false, and 0 for unknown, irrelevant, or both.[1]
0 for false, 1 for true, and a third non-integer symbol such as # or ½ for the final value.[2]
Balanced ternary uses −1 for false, +1 for true and 0 for the third value; these values may also be simplified to −, +, and 0, respectively.[3]
This article mainly illustrates a system of ternary propositional logic using the truth values {false, unknown, and true}, and extends conventional boolean connectives to a trivalent context.  Ternary predicate logics exist as well[citation needed]; these may have readings of the quantifier different from classical (binary) predicate logic, and may include alternative quantifiers as well.

Logics
Kleene logic
Below is a truth table showing the logic operations for Kleene‘s logic.
	A
	B
	A OR B
	A AND B
	NOT A

	True
	True
	True
	True
	False

	True
	Unknown
	True
	Unknown
	False

	True
	False
	True
	False
	False

	Unknown
	True
	True
	Unknown
	Unknown

	Unknown
	Unknown
	Unknown
	Unknown
	Unknown

	Unknown
	False
	Unknown
	False
	Unknown

	False
	True
	True
	False
	True

	False
	Unknown
	Unknown
	False
	True

	False
	False
	False
	False
	True


In this truth table, the UNKNOWN state can be metaphorically thought of as a sealed box containing either an unambiguously TRUE or unambiguously FALSE value.  The knowledge of whether any particular UNKNOWN state secretly represents TRUE or FALSE at any moment in time is not available.  However, certain logical operations can yield an unambiguous result, even if they involve at least one UNKNOWN operand.  For example, since TRUE OR TRUE equals TRUE, and TRUE OR FALSE also equals TRUE, one can infer that TRUE OR UNKNOWN equals TRUE, as well.  In this example, since either bivalent state could be underlying the UNKNOWN state, but either state also yields the same result, a definitive TRUE results in all three cases.
Łukasiewicz logic
Main article: Łukasiewicz logic
	


	This section requires expansion.


Computer science
Main article: Null (SQL)
The database structural query language SQL implements ternary logic as a means of handling NULL field content.  SQL uses NULL to represent missing data in a database.  If a field contains no defined value, SQL assumes this means that an actual value exists, but that value is not currently recorded in the database.  Note that a missing value is not the same as either a numeric value of zero, or a string value of zero length.  Comparing anything to NULL—even another NULL—results in an UNKNOWN truth state.  For example, the SQL expression "City = ‘Paris’" resolves to FALSE for a record with "Chicago" in the City field, but it resolves to UNKNOWN for a record with a NULL City field.  In other words, to SQL, an undefined field represents potentially any possible value: a missing city might or might not represent Paris.

Using ternary logic, SQL can then account for the UNKNOWN truth state in evaluating boolean expressions.  Consider the expression "City = ‘Paris’ OR Balance < 0.0".  This expression resolves to TRUE for any record whose Balance field contains a negative number.  Likewise, this expression is TRUE for any record with ‘Paris’ in its City field.  The expression resolves to FALSE only for a record whose City field explicitly contains a string other than ‘Paris’, and whose Balance field explicitly contains a non-negative number.  In any other case, the expression resolves to UNKNOWN.  This is because a missing City value might be missing the string ‘Paris’, and a missing Balance might be missing a negative number.  However, regardless of missing data, a boolean OR operation is FALSE only when both of its operands are also FALSE, so not all missing data leads to an UNKNOWN resolution.

In SQL Data Manipulation Language, a truth state of TRUE for an expression (e.g., in a WHERE clause) initiates an action on a row (e.g.  return the row), while a truth state of UNKNOWN or FALSE does not.[4] In this way, ternary logic is implemented in SQL, while behaving as binary logic to the SQL user.

SQL Check Constraints behave differently, however.  Only a truth state of FALSE results in a violation of a check constraint.  A truth state of TRUE or UNKNOWN indicates a row has been successfully validated against the check constraint.[5]
See also
Digital circuit
Ternary numeral system (and Balanced ternary)

Ternary computer
Boolean algebra (structure)
Boolean function
Binary logic
Setun - an experimental Russian computer which was based on ternary logic

Aymara language - a Bolivian language famous for using ternary rather than binary logic [6]
Four value logic
Null (SQL) - SQL database query language incorporates NULL marker as part of its ternary logic implementation
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Fuzzy Logic
Fuzzy logic is a relatively new scientific field which is found within the intersection of mathematics, computer science, and engineering.  The structures in fuzzy logic attempt to capture the "fuzziness," or imprecision of the real world, a feat which classical mathematics only touches on in the field of probability.  Applications have included

· control of small devices (such as toasters and cameras);

· control of large systems (such as cement kilns, subways, and nuclear power plants);

· computer programs that learn;

· pattern recognition (such as speech and handwriting).
To understand fuzzy mathematics, first remember some of the rules of classical logic and set theory:

i. every statement is either true or false;

ii. no statement is both true and false;

iii. the union of a subset and its complement comprise the entire universal set;

iv. a subset and its complement have empty intersection.
Classical sets are called crisp sets, and you can see from the above rules that both statements and sets have "crisp" boundaries: true or false, in or out.
Raise your hand if you are over six feet tall.  Put your hand down.  Now raise your hand if you ate meat or fish yesterday.  You should have had no trouble with either of these questions: your hand was up or down.  But consider the following -- raise your hand if
· your hair is long;

· your room is warm;

· you drive fast;

· you like jazz;

· replace "jazz" with classical, country, alternative, or ska.
At least some people will have trouble deciding whether to raise a hand for one or more of these questions.  Did your hand ever go part way up? Classical mathematics takes two approaches with questions of this type.  Usually, they are dismissed as not belonging to mathematics at all.  We say the terms are not well-defined.  But in probability and statistics, they are answered by saying "The probability of a person's liking jazz is 0.55," or "Results of a recent survey indicate that 55% of people like jazz." These are the issues that fuzzy logic meets head on.
In the age of computers and binary arithmetic, it is not a big leap to replace yes/no or true/false answers with 1/0 answers.  Crisp subset membership can be described by a binary function on the universal set.  For example, let X = {0,1,2,3,4,5} be the universal set.  The crisp subset {0,1,2}, can be described by the function f : X → {0,1} defined by
	A Crisp Subset:
	
	x
f(x)

0

1

1

1

2

1

3

0

4

0

5

0
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Fuzzy logic allows for answers between 0 and 1.  A fuzzy subset of X is defined as a function f : X → [0,1].  That is, answers and "degrees of set membership" can be fractions.  Statements can be "sort of true" or "mostly false" and elements can be "partially in" a set.  Modifying the above example, we can define a fuzzy subset of "small numbers" in X as a function like this:

	A Fuzzy Subset:
	
	x
f(x)

0

1

1

0.7

2

0.3

3

0.05

4

0

5

0


	
	[image: image13.png]





Thus, 0 is definitely small, 1 is pretty small, 2 is sort of small, 3 is really not very small, and 4 and 5 are not at all small.  Fuzzy logic allows us to use the "fuzzy" terminology that we find so useful in ordinary human discourse.
You may find it surprising that fuzzy logic could excite so many computer scientists and engineers.  How can something so vague (even arbitrary?), make better toast? Should we trust our safety to a nuclear power plant run by a system that allows imprecision? Remember that in the everyday world, there is no such thing as complete precision.  Everything is an approximation because of the limitations of our measuring tools.  Before 1980 or so, the control of sophisticated machines, from robots to rockets, relied almost exclusively on numerical (approximate) solutions to differential equations.  These solutions are time-consuming, even with super computers, and there is always a trade-off between the degree of accuracy desired and the time frame in which the solution is needed.  In robotics, for example, many different kinds of motions are needed in quick succession; there is just not time to wait for computer-generated solutions to differential equations.  It has been found that the mathematics of fuzzy logic allows much simpler and faster calculations with amazingly effective results.


During the summer of 2000 I taught fuzzy logic in the Summer Program for Women Undergraduates at Carleton and St.  Olaf Colleges.  The four-week course was an introduction to the mathematics of fuzzy sets and fuzzy arithmetic.  I used the book Fuzzy Sets and Fuzzy Logic by George Klir and Bo Yuan.  This could be a graduate text for computer scientists or engineers, but chapters 1, 2, and 4 seemed suitable for beginning math majors.
To learn more about fuzzy logic, I recommend the following trade books and web sites.  Book links go to Amazon.

	Books
	
	Web Sites

	Weird Water and Fuzzy Logic, by Martin Gardner
	
	Fuzzy Logic Laboratorium

	Fuzzy Thinking, by Bart Kosko
	
	FAQ on Fuzzy Logic from Carnegie Melon

	The Fuzzy Future, by Bart Kosko
	
	Fuzzy Systems - A Tutorial

	The Importance of Being Fuzzy, by Arturo Sangalli
	
	Fuzzy Logic and Musical Decisions (a bit technical)

	Fuzzy Logic: The Revolutionary ..., by D.  McNeill & P.  Freeberger
	
	Home page of Lotfi Zadeh, founder of fuzzy


http://www.austinlinks.com/Fuzzy/tutorial.html
Fuzzy Systems - A Tutorial
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Introduction
Fuzzy systems is an alternative to traditional notions of set membership and logic that has its origins in ancient Greek philosophy, and applications at the leading edge of Artificial Intelligence.  Yet, despite its long-standing origins, it is a relatively new field, and as such leaves much room for development.  This paper will present the foundations of fuzzy systems, along with some of the more noteworthy objections to its use, with examples drawn from current research in the field of Artificial Intelligence.  Ultimately, it will be demonstrated that the use of fuzzy systems makes a viable addition to the field of Artificial Intelligence, and perhaps more generally to formal mathematics as a whole.


The Problem: Real-World Vagueness
Natural language abounds with vague and imprecise concepts, such as "Sally is tall," or "It is very hot today." Such statements are difficult to translate into more precise language without losing some of their semantic value: for example, the statement "Sally's height is 152 cm." does not explicitly state that she is tall, and the statement "Sally's height is 1.2 standard deviations about the mean height for women of her age in her culture" is fraught with difficulties: would a woman 1.1999999 standard deviations above the mean be tall? Which culture does Sally belong to, and how is membership in it defined?
While it might be argued that such vagueness is an obstacle to clarity of meaning, only the most staunch traditionalists would hold that there is no loss of richness of meaning when statements such as "Sally is tall" are discarded from a language.  Yet this is just what happens when one tries to translate human language into classic logic.  Such a loss is not noticed in the development of a payroll program, perhaps, but when one wants to allow for Šnatural language queries, or "knowledge representation" in expert systems, the meanings lost are often those being searched for.
For example, when one is designing an expert system to mimic the diagnostic powers of a physician, one of the major tasks i to codify the physician's decision-making process.  The designer soon learns that the physician's view of the world, despite her dependence upon precise, scientific tests and measurements, incorporates evaluations of symptoms, and relationships between them, in a "fuzzy," intuitive manner: deciding how much of a particular medication to administer will have as much to do with the physician's sense of the relative "strength" of the patient's symptoms as it will their height/weight ratio.  While some of the decisions and calculations could be done using traditional logic, we will see how fuzzy systems affords a broader, richer field of data and the manipulation of that data than do more traditional methods.


Historic Fuzziness
The precision of mathematics owes its success in large part to the efforts of Aristotle and the philosophers who preceded him.  In their efforts to devise a concise theory of logic, and later mathematics, the so-called "Laws of Thought" were posited [7].  One of these, the "Law of the Excluded Middle," states that every proposition must either be True or False.  Even when Parminedes proposed the first version of this law (around 400 B.C.) there were strong and immediate objections: for example, Heraclitus proposed that things could be simultaneously True and not True.
It was Plato who laid the foundation for what would become fuzzy logic, indicating that there was a third region (beyond True and False) where these opposites "tumbled about." Other, more modern philosophers echoed his sentiments, notably Hegel, Marx, and Engels.  But it was Lukasiewicz who first proposed a systematic alternative to the bi-valued logic of Aristotle [8].
In the early 1900's, Lukasiewicz described a three-valued logic, along with the mathematics to accompany it.  The third value he proposed can best be translated as the term "possible," and he assigned it a numeric value between True and False.  Eventually, he proposed an entire notation and axiomatic system from which he hoped to derive modern mathematics.
Later, he explored four-valued logics, five-valued logics, and then declared that in principle there was nothing to prevent the derivation of an infinite-valued logic.  Lukasiewicz felt that three- and infinite-valued logics were the most intriguing, but he ultimately settled on a four-valued logic because it seemed to be the most easily adaptable to Aristotelian logic.
Knuth proposed a three-valued logic similar to Lukasiewicz's, from which he speculated that mathematics would become even more elegant than in traditional bi-valued logic.  His insight, apparently missed by Lukasiewicz, was to use the integral range [-1, 0 +1] rather than [0, 1, 2].  Nonetheless, this alternative failed to gain acceptance, and has passed into relative obscurity.
It was not until relatively recently that the notion of an infinite-valued logic took hold.  In 1965 Lotfi A.  Zadeh published his seminal work "Fuzzy Sets" ([12], [13]) which described the mathematics of fuzzy set theory, and by extension fuzzy logic.  This theory proposed making the membership function (or the values False and True) operate over the range of real numbers [0.0, 1.0].  New operations for the calculus of logic were proposed, and showed to be in principle at least a generalization of classic logic.  It is this theory which we will now discuss.


Basic Concepts
The notion central to fuzzy systems is that truth values (in fuzzy logic) or membership values (in fuzzy sets) are indicated by a value on the range [0.0, 1.0], with 0.0 representing absolute Falseness and 1.0 representing absolute Truth.  For example, let us take the statement:
     "Jane is old." 
If Jane's age was 75, we might assign the statement the truth value of 0.80.  The statement could be translated into set terminology as follows:
     "Jane is a member of the set of old people." 
This statement would be rendered symbolically with fuzzy sets as:
      mOLD(Jane) = 0.80 
where m is the membership function, operating in this case on the fuzzy set of old people, which returns a value between 0.0 and 1.0.
At this juncture it is important to point out the distinction between fuzzy systems and probability.  Both operate over the same numeric range, and at first glance both have similar values: 0.0 representing False (or non-membership), and 1.0 representing True (or membership).  However, there is a distinction to be made between the two statements: The probabilistic approach yields the natural-language statement, "There is an 80% chance that Jane is old," while the fuzzy terminology corresponds to "Jane's degree of membership within the set of old people is 0.80." The semantic difference is significant: the first view supposes that Jane is or is not old (still caught in the Law of the Excluded Middle); it is just that we only have an 80% chance of knowing Šwhich set she is in.  By contrast, fuzzy terminology supposes that Jane is "more or less" old, or some other term corresponding to the value of 0.80.  Further distinctions arising out of the operations will be noted below.
The next step in establishing a complete system of fuzzy logic is to define the operations of EMPTY, EQUAL, COMPLEMENT (NOT), CONTAINMENT, UNION (OR), and INTERSECTION (AND).  Before we can do this rigorously, we must state some formal definitions:
Definition 1: Let X be some set of objects, with elements noted as x.  Thus, X = {x}.  
Definition 2: A fuzzy set A in X is characterized by a membership function mA(x) which maps each point in X onto the real interval [0.0, 1.0].  As      mA(x) approaches 1.0, the "grade of membership" of x in A increases.  
Definition 3: A is EMPTY iff for all x, mA(x) = 0.0.
Definition 4: A = B iff for all x: mA(x) = mB(x) [or, mA = mB].
Definition 5: mA' = 1 - mA.
Definition 6: A is CONTAINED in B iff mA <= mB.
Definition 7: C = A UNION B, where: mC(x) = MAX(mA(x), mB(x)).
Definition 8: C = A INTERSECTION B where: mC(x) = MIN(mA(x), mB(x)).
It is important to note the last two operations, UNION (OR) and INTERSECTION (AND), which represent the clearest point of departure from a probabilistic theory for sets to fuzzy sets.  Operationally, the differences are as follows:
For independent events, the probabilistic operation for AND is multiplication, which (it can be argued) is counterintuitive for fuzzy systems.  For example, let us presume that x = Bob, S is the fuzzy set of smart people, and T is the fuzzy set of tall people.  Then, if mS(x) = 0.90 and uT(x) = 0.90, the probabilistic result would be:      mS(x) * mT(x) = 0.81 
whereas the fuzzy result would be:      MIN(uS(x), uT(x)) = 0.90 
The probabilistic calculation yields a result that is lower than either of the two initial values, which when viewed as "the chance of knowing" makes good sense.
However, in fuzzy terms the two membership functions would read something like "Bob is very smart" and "Bob is very tall."  If we presume for the sake of argument that "very" is a stronger term than "quite," and that we would correlate "quite" with the value 0.81, then the semantic difference becomes obvious.  The probabilistic calculation would yield the statement
If Bob is very smart, and Bob is very tall, then Bob is a quite tall, smart person.
The fuzzy calculation, however, would yield
 If Bob is very smart, and Bob is very tall, then Bob is a very tall, smart person.  
Another problem arises as we incorporate more factors into our equations (such as the fuzzy set of heavy people, etc.).  We find that the ultimate result of a series of AND's approaches 0.0, even if all factors are initially high.  Fuzzy theorists argue that this is wrong: that five factors of the value 0.90 (let us say, "very") AND'ed together, should yield a value of 0.90 (again, "very"), not 0.59 (perhaps equivalent to "somewhat").
Similarly, the probabilistic version of A OR B is (A+B - A*B), which approaches 1.0 as additional factors are considered.  Fuzzy theorists argue that a sting of low membership grades should not produce a high membership grade instead, the limit of the resulting membership grade should be the strongest membership value in the collection.
Other values have been established by other authors, as have other operations.  Baldwin [1] proposes a set of truth value restrictions, such as "unrestricted" (mX = 1.0), "impossible" (mX = 0.0), etc.
The skeptical observer will note that the assignment of values to linguistic meanings (such as 0.90 to "very") and vice versa, is a most imprecise operation.  Fuzzy systems, it should be noted, lay no claim to establishing a formal procedure for assignments at this level; in fact, the only argument for a particular assignment is its intuitive strength.  What fuzzy logic does propose is to establish a formal method of operating on these values, once the primitives have been established.


Hedges

Another important feature of fuzzy systems is the ability to define "hedges," or modifier of fuzzy values.  These operations are provided in an effort to maintain close ties to natural language, and to allow for the generation of fuzzy statements through mathematical calculations.  As such, the initial definition of hedges and operations upon them will be quite a subjective process and may vary from one project to another.  Nonetheless, the system ultimately derived operates with the same formality as classic logic.
The simplest example is in which one transforms the statement "Jane is old" to "Jane is very old." The hedge "very" is usually defined as follows:
      m"very"A(x) = mA(x)^2 
Thus, if mOLD(Jane) = 0.8, then mVERYOLD(Jane) = 0.64.  Other common hedges are "more or less" [typically SQRT(mA(x))], "somewhat," "rather," "sort of," and so on.  Again, their definition is entirely subjective, but their operation is consistent: they serve to transform membership/truth values in a systematic manner according to standard mathematical functions.
A more involved approach to hedges is best shown through the work of Wenstop [11] in his attempt to model organizational behavior.  For his study, he constructed arrays of values for various terms, either as vectors or matrices.  Each term and hedge was represented as a 7-element vector or 7x7 matrix.  He ten intuitively assigned each element of every vector and matrix a value between 0.0 and 1.0, inclusive, in what he hoped was intuitively a consistent manner.  For example, the term "high" was assigned the vector
      0.0 0.0 0.1 0.3 0.7 1.0 1.0 
and "low" was set equal to the reverse of "high," or
      1.0 1.0 0.7 0.3 0.1 0.0 0.0 
Wenstop was then able to combine groupings of fuzzy statements to create new fuzzy statements, using the APL function of Max-Min matrix multiplication.  These values were then translated back into natural language statements, so as to allow fuzzy statements as both input to and output from his simulator.  For example, when the program was asked to generate a label "lower than sortof low," it returned "very low;" "(slightly higher) than low" yielded "rather low," etc.
The point of this example is to note that algorithmic procedures can be devised which translate "fuzzy" terminology into numeric values, perform reliable operations upon those values, and then return natural language statements in a reliable manner.
Similar techniques have been adopted by others, primarily in the study of fuzzy systems as applicable to linguistic approximation (e.g.  [2], [3], [4]).  APL appears to be the language of choice, owing to its flexibility and power in matrix operations.


Objections

It would be remarkable if a theory as far-reaching as fuzzy systems did not arouse some objections in the professional community.  While there have been generic complaints about the "fuzziness" of the process of assigning values to linguistic terms, perhaps the most cogent criticisms come from HAACK [6].  A formal logician, Haack argues that there are only two areas in which fuzzy logic could possibly be demonstrated to be "needed," and then maintains that in each case it can be shown that fuzzy logic is not necessary.
The first area Haack defines is that of the nature of Truth and Falsity: if it could be shown, she maintains, that these are fuzzy values and not discrete ones, then a need for fuzzy logic would have been demonstrated.  The other area she identifies is that of fuzzy systems' utility: if it could be demonstrated that generalizing classic logic to encompass fuzzy logic would aid in calculations of a given sort, then again a need for fuzzy logic would exist.
In regards to the first statement, Haack argues that True and False are discrete terms.  For example, "The sky is blue" is either true or false; any fuzziness to the statement arises from an imprecise definition of terms, not out of the nature of Truth.  As far as fuzzy systems' utility is concerned, she maintains that no area of data manipulation is made easier through the introduction of fuzzy calculus; if anything, she says, the calculations become more complex.  Therefore, she asserts, fuzzy logic is unnecessary.
Fox [5] has responded to her objections, indicating that there are three areas in which fuzzy logic can be of benefit: as a "requisite" apparatus (to describe real-world relationships which are inherently fuzzy); as a "prescriptive" apparatus (because some data is fuzzy, and therefore requires a fuzzy calculus); and as a "descriptive" apparatus (because some inferencing systems are inherently fuzzy).
His most powerful arguments come, however, from the notion that fuzzy and classic logics need not be seen as competitive, but complementary.  He argues that many of Haack's objections stem from a lack of semantic clarity, and that ultimately fuzzy statements may be translatable into phrases which classical logicians would find palatable.
Lastly, Fox argues that despite the objections of classical logicians, fuzzy logic has found its way into the world of practical applications, and has proved very successful there.  He maintains, pragmatically, that this is sufficient reason for continuing to develop the field.


Applications

Areas in which fuzzy logic has been successfully applied are often quite concrete.  The first major commercial application was in the area of cement kiln control, an operation which requires that an operator monitor four internal states of the kiln, control four sets of operations, and dynamically manage 40 or 50 "rules of thumb" about their interrelationships, all with the goal of controlling a highly complex set of chemical interactions.  One such rule is "If the oxygen percentage is rather high and the free-lime and kiln-drive torque rate is normal, decrease the flow of gas and slightly reduce the fuel rate" (see Zadeh [14]).  A complete accounting of this very successful system can be found in Umbers and King [10].
The objection has been raised that utilizing fuzzy systems in a dynamic control environment raises the likelihood of encountering difficult stability problems: since in control conditions the use of fuzzy systems can roughly correspond to using thresholds, there must be significant care taken to insure that oscillations do not develop in the "dead spaces" between threshold triggers.  This seems to be an important area for future research.
Other applications which have benefited through the use of fuzzy systems theory have been information retrieval systems, a navigation system for automatic cars, a predicative fuzzy-logic controller for automatic operation of trains, laboratory water level controllers, controllers for robot arc-welders, feature-definition controllers for robot vision, graphics controllers for automated police sketchers, and more.
Expert systems have been the most obvious recipients of the benefits of fuzzy logic, since their domain is often inherently fuzzy.  Examples of expert systems with fuzzy logic central to their control are decision-support systems, financial planners, diagnostic systems for determining soybean pathology, and a meteorological expert system in China for determining areas in which to establish rubber tree orchards [14].  Another area of application, akin to expert systems, is that of information retrieval [9].


Conclusions

Fuzzy systems, including fuzzy logic and fuzzy set theory, provide a rich and meaningful addition to standard logic.  The mathematics generated by these theories is consistent, and fuzzy logic may be a generalization of classic logic.  The applications which may be generated from or adapted to fuzzy logic are wide-ranging, and provide the opportunity for modeling of conditions which are inherently imprecisely defined, despite the concerns of classical logicians.  Many systems may be modeled, simulated, and even replicated with the help of fuzzy systems, not the least of which is human reasoning itself.
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ABSTRACT:

Experiments on humans and other animals have shown that uncertainty due to unreliable, or incomplete information, affects behavior.  Recent studies have formalized uncertainty, and asked which behaviors would minimize its effect.

This formalization results in a wide range of Bayesian Models that derive from assumptions about the world, and it often seems unclear how these models relate to one another.  In this review, we use the concept of graphical models to analyze differences and commonalities across Bayesian approaches to themodeling of behavioral and neural data.

We review behavioral and neural data associated with each type of Bayesian Model and explain how these models can be related.  We ﬁnish with an overview of different theories that propose possible ways in which the brain can represent uncertainty.
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Introduction

What is the purpose of the nervous system or its parts?  To successfully study a system, it is crucial to understand its purpose (see “computational level” in Ref.1).  This insight drives a line of research called normative models, which starts with an idea of what the objective of a given system could be and then derives what would be the optimal solution to arrive to that objective.  

The model predictions are then usually compared with the way the system actually behaves or is organized.

In this way, normative models can test hypotheses about the potential purpose of parts of the nervous system.

Uncertainty is relevant in most situations in which humans need to make decisions and will thus affect the problems to be solved by the brain.  For example, we only have noisy senses, and any information that we sense must be ambiguous because we only observe incomplete portions of the world at any given time, or shadows of reality, as is beautifully illustrated by Plato’s allegory of the cave.

Therefore, it may be argued that a central purpose of the nervous system is to estimate the state of the world from noisy and incomplete data.
 

Bayesian Statistics gives a systematic way of calculating optimal estimates based on noisy or uncertain data.  Comparing such optimal behavior with actual behavior yields insights into the way the nervous system works.

Models in Bayesian statistics start with the idea that the nervous system needs to estimate variables in the world that are relevant (x) based on observed information (o), typically coming from our senses (e.g., audition, vision, olfaction).  BAYES RULE
 then allows calculating how likely each potential estimate x is, given the observed information o:


p(x|o) =p(o|x)p(x)/p(o).

For example, consider the case of estimating if our cat is hungry (x = “hungry”) given that it meowed (o = “meow”).  If the cat usually meows if hungry (p(o|x) = 90%), is hungry a quarter of the time (p(x) = 25%), and does not meow frequently (p(o) = 30%),  then it is quite probably hungry when it meows (p(x|o) = 90%×25%/30% = 75%).

If, on the other hand, the cat meows quite frequently (p(o) = 70%), then the probability of being hungry if it meowed is much lower (p(x|o) = 90%×25%/70% = 32%).  The formula above can also be seen as a way of updating the previous belief about the world, or prior (p(x)) by the current sensory evidence, or likelihood (p(o/x)).

Models using Bayes rule have been used to explain many results in perception, action, neural coding, and cognition.  Bayesian models that have been used in these contexts have many different forms.  The differences between these models derive from distinct assumptions about the variables in the world and the way they relate to one another.  Each model is then the unique consequence of one set of assumptions about the world.  However, all these Bayesian models share the same basic principle that different pieces of information can be combined in order to estimate the relevant variables.

Bayesian statisticians have developed a way of depicting how random variables relate to one another - by using graphical models.
  We should mention here that several kinds of graphical models can be used.

Types of graphical models include:  factor graphs, Markov random ﬁelds, ancestral graphs, and Bayesian network or directed acyclic graphs, which we discuss here.  Bayesian networks/directed acyclic graphs are a type of graphical model that, besides indicating purely statistical relations, can be interpreted as a model of the causal structure in the world.

Therefore, we will use the Bayesian network class of graphical models to depict the different types of existing Bayesian models and structure this review.

In Bayesian networks, there are two kinds of random variables: those that are observed and those that are not observed.  For example, we can hear our cat meow (observed variable) but we can never directly observe that it is hungry, only infer that from its behavior.  Therefore, hunger is fundamentally an unobserved variable - unless some new neuro-physiologic procedure is invented that measures Qualia.(  Unobserved variables are called latent or, as we will call it here, hidden.  These hidden variables are typically estimated given the observed variables in Bayesian modeling.

There are many relevant reviews of and books about Bayesian methods.  Some focus on cue combination,
 while others focus on general Bayesian estimation,
 and yet others focus on the information integration for making choices
 or continuous control
 , and in possible representations of uncertainty.

These reviews provide excellent introductions into the mathematical treatment of estimation in various settings.  Here, we want to instead focus on the structure each Bayesian model assumes about the world and give a taxonomy of these Bayesian models by focusing on the underlying graphical models.

Our review is structured as follows.  In each section we will cover progressively more difﬁcult problems to which Bayesian models are frequently applied.  Each section starts with a simple example of the problem being dealt with and a graphical model that represents it, continues by making a short reviewof behavioral and modeling work related to that issue, and ends with available neural data that indicate where and how Bayesian computation can be occurring.  We will end this review with an overview of proposals of how the brain may represent uncertainty.

Cue combination
Imagine that our cat ran away to avoid having a bath and is now hiding in the garden.  It made the bushes move, providing a visual cue about its position, and meows, which provides an auditory cue (Fig.  1A).

This is a typical example where one variable, the hidden location of the cat, is reﬂected in observed variables, in this case audition and vision, which are called cues.

In the graphical model associated with this example (Fig.  1B), the hidden variable (e.g., the cat’s position) that we want to estimate is assumed to independently cause the observed visual and auditory cues.  The circle representing the cat’s position variable has no incoming arrows, indicating that there will be only a prior belief (P(position), see next section).  The vision circle (Ov) has an incoming arrow from position, indicating that the probability of having a speciﬁc visual observation depends on the value of the position variable (P(vision | position)), i.e., the probability of seeing a speciﬁc bush moving depends on where the cat is hiding.  Similarly, the

Figure 1.  Cue combination.  
(A)  Example of an indirect observation of a cat’s position.  

You can see the bush moving and hear a “meow” sound, but you cannot directly observe the cat.
(B) Graphical model of what is seen in A.  The variable X (position of the cat) is unobserved, but it produces two observed variables: the moving bush, which provides a visual cue (Ov), and the “meow” sound, which provides an auditory cue (OA).

The audition circle (OA) has an incoming arrow from position, and we thus have P(audition|position).

Jointly, these pieces of information deﬁne the joint probability distribution of the three random variables:

P(position, vision, audition) = p(position)p(vision|position) × p(audition|position).

Importantly, the fact that there is no arrow directly connecting vision and audition indicates that, conditioned on the knowledge of position, vision and audition are independent.  This can be seen as indicating that noise in vision is independent of noise in audition.  This assumption about the way visual and auditory cues are generated may be true or not, but it enables the construction of a simple normative model of behavior.  The central assumptions about the world that give rise to each Bayesian model (in this case, the assumption of how cues are generated) can thus be effectively formalized in a graphical model.

In our example, we can say that the goal of our nervous system is to discover where the cat is, i.e., estimate the hidden variable, “position of the cat.”
Assuming that this variable generated the observed visual and auditory cues, the nervous system has to invert this generative process and estimate the hidden variable position of the cat by combining the visual and auditory cues.

Bayesian statistics provides a way of calculating how to optimally combine the cues, i.e., a way of maximally reducing the ﬁnal uncertainty about the cat’s position.  The resulting estimate combines the cues, weighting them according to their reliability.

If people combine cue information in a Bayesian way, the resulting estimate has generally lower uncertainty than estimates based on any of the cues alone.

This property of lower uncertainty in the ﬁnal estimate is one of the crucial advantages of behavior that combines different pieces of knowledge in a way predicted by Bayesian models.  Previously, it has been suggested that the nervous system could use a winner-take-all approach, taking only into account the most reliable cue (in this case, generally vision).23

However, this would result in a ﬁnal uncertainty generally higher than what would be obtained by employing Bayesian statistics.c

Furthermore, an approach in which only the most reliable cue is used cannot explain the cue interaction effects observed in daily life (e.g., the McGurk effect 24).
Many experiments have probed how humans estimate hidden variables given more than one cue, and the results are in accordance to what would be predicted by Bayes theory.25–31

The results of many of these studies have been framed in terms of Bayesian statistics, and these studies almost invariably assume the same graphical model (Fig.  1B).  The typical experimental strategy is as follows.  They ﬁrst measure independently the uncertainties associatedc

Being only equal if one of the cues has no uncertainty associated (i.e., its variance is zero).  with each cue.  Then, based on these estimates, they calculate what would be the weighting parameter (w) that would optimally combine both cues.  They measure the way people actually combine cues when they have both cues available and compare the results with the model predictions.
Importantly, the model predicts behavior in one condition (cue combination) based on the subject’s behavior in different situations (with only one cue).

Using an experimental setup like the one just described, Ernst and Banks have discovered that subjects use information fromboth vision and the sense of touch in order to estimate sizes, and they combine these cues in a way close to the statistical optimal.30

Other studies also showed that the variability in the estimates obtained when subjects combined proprioceptive and visual information was smaller than the variability obtained when they could only use one of the senses, a phenomenon also predicted by Bayes theory.28

Furthermore, they tended to rely more on the most accurate cue.27  This close-to-optimal combination of different sensory cues has also been demonstrated in many other experiments and sensory modalities.  For example, it has been found that subjects can combine optimally visual and auditory cues.32,33

This combination is on the basis of theMcGurk effect, in which when there is a discrepancy between what the lips of a person are saying and the actual sound, subjects hear a syllable that is a mix between the visual and the auditory syllable.24

Cue combination has also been found within the visual system, with subjects combining cues of texture and motion,34 texture and binocular disparity,35–37 or even two texture properties31 in order to estimate some position or slant.

There is thus now ample evidence that in many if not most situations, cues are combined in a way close to the Bayesian optimal, 31–37 which has been discussed in a good number of recent reviews.12–14, 38–41

The cue combination studies we mentioned sonfar assume continuous cues and the estimation of continuous hidden variables, like the position of the hand or the distance of an object.  However, there are also cases in which we want to estimated discrete variables - for example, how often someone has touched our hand or how often a light has ﬂashed.  

Although it would be possible for people to combine information from more than two cues, for simplicity studies generally just try to understand how people combine two cues.

In such cases, Bayesian models have also been shown to ﬁt well human behavior.42–44  The ﬁnding of near-optimal cue combination thus applies not only to continuous variables, but also to situations where discrete numbers are estimated.  If people are Bayesian in their behavior, this means that the brain has to somehow represent and use uncertainty information for cue combination.

How does the nervous system represent cues and their reliabilities to be able to combine them?  We will discuss theoretical proposals of how the nervous system may represent uncertainty in the ﬁnal section of this review, but focus now on available electrophysiological and imaging results speciﬁcally related to cue combination.

Many brain areas have been implied to participate in multisensory integration (for reviews, see Refs.  40, 45–46).  For example, in the superior colliculus (a brain area that receives visual, auditory and, somatosensory inputs), neuronal responses to a given sensory stimuluswere inﬂuenced by the existence or nonexistence of other sensory cues.47

Multisensory integration has also been analyzed in the superior temporal sulcus (STS), where it was found that, in a fraction of neurons responsive to the sight of an action, the sound of that action signiﬁcantly modulated their visual response.48

Neurons in the STS thus appear to form multisensory representations of observed actions.  Further evidence of multisensory integration comes from imaging studies where activity in higher visual areas (hMT1/V5 and lateral occipital complex) of human subjects suggested combination of both binocular disparity and perspective visual cues, potentially in order to arrive at a uniﬁed 3D visual perception.49

Bayesian models have inspired research on neurons in the dorsal part of the medial superior temporal area (MSTd) in the monkey.  These neurons have been shown not only to integrate visual and vestibular sensory information, but also to do so in a way that closely resembles a Bayesian integrator, i.e., these neurons suminputs linearly and subadditively (meaning that each cue weights one or less), and, moreover, the weights that they give to each cue change with the relative reliability of each cue.50,51

Cue combination literature usually analyzes cases where the nervous system is likely to assume that there is a single hidden variable and multiple cues that are indicative about that variable.  Both this variable and the observed variables may be continuous or discrete, bounded or unbounded (i.e., a distribution maybebetween0and1or −∞and +∞), but the same graphical model describes all these models.

While the models are different, the solution strategy is essentially the same - the probability distributions associated with each cue simply get multiplied together using Bayes rule.  These models have been applied to many situations and describe the results of many experiments.

Combining a cue with prior knowledge

Even if only one cue is present, we can combine it with previous knowledge (prior) that we have about the hidden variable in order to better estimate it.

In our example, if you can hear the cat but you cannot see it (Fig.  2A), you might still recall previous times in which the cat ran away to the garden: you have prior knowledge of probable positions of the cat, and can use it to estimate the cat’s position.  Again, a hidden variable (position) causes the observed cue (the “meow” sound), a relation that can be formulated by a graphical model (Fig.  2B).  In this case, estimates should depend on what we have learned in the past about the hidden variable (prior) and on our current observation (likelihood).

Indeed, standard Bayesian prior-likelihood experiments and cue combination experiments explained above are essentially based on the same graphical model and the mathematical treatment is analogous.  The only difference is that in cue combination, there are at least two cues and priors are usually ignored and, in prior-likelihood experiments, the prior is incorporated but other potential cues are usually ignored.  Priors can be considered a simple summary of the past information subjects have had in a particular task.52

It should be mentioned here that in cases where cues are combined, there are usually priors at play as well.

However, we did not discuss these priors in the cue combination section because most studies in the cue combination ﬁeld ignore priors.  Some studies ignore priors because they are not important - for example, when the prior is much wider than the likelihood.  The majority of studies on cue combination, however, have been designed in such a way that priors have no effect.  These studies use two-alternative-forced-choice (2AFC) paradigms, which remove any effect of priors.

Figure 2.  Combining a cuewith prior knowledge.  (A) Example of an indirect observation of a cat’s position, but in which only a “meow” can be heard.  (B) Graphical model of what is seen in A.  The variable X (position of the cat) is unobserved, but it produces the observed “meow” sound, which provides an auditory cue (OA).  (C) Example of a visual illusion.  Here, people generally see one grove (left) and two bumps, but if the paper is rotated 180, then two groves and one bump are perceived.  (D)

Checker-shadow illusion.54
In this visual illusion, the rectangle A appears to be darker than B, while in reality they have the same color.

Information we get from all previous trials except the current one.53, while it was generally ignored in previous models, including most of cue combination discussed above, prior knowledge clearly inﬂuences our decisions and even our perception of the world.

There are many examples of the effect of prior knowledge on perception.  For example, in Figure 2C, we can see one grove and two bumps, but if we rotate the paper by 180 degrees, their perceptual depth shifts (we see two groves and one bump

This occurs because people have the prior assumption that light should come from above.  This is also beautifully illustrated in the checker-shadow illusion,where the prior assumption of a light source that casts the observed shadow makes the rectangles A and B appear to have different brightness.54

These sensory biases can then be explained with the incorporation of prior information on the ﬁnal sensory perception.

Experimental studies have shown that priors can indeed be learned over time 52 and that they are independent of the current sensory feedback.53

A diverse set of studies has also shown that people combine previously acquired knowledge (prior) with new sensory information (likelihood) in a way that is close to the optimum prescribed by Bayesian statistics.  For example, when performing arm-reaching tasks, 55,56, pointing tasks, 57, or even timing tasks, 58, people take into account both prior and likelihood information and, moreover, they do so inaway compatible with Bayesian statistics, given more weight to the more reliable “cue” or, in other words, they rely a lot on the prior when likelihood is relatively bad and vice versa.55–59

As indicated by Bayes-like behavior when combining prior and likelihood, the brain needs to represent and use uncertainty of both previously acquired information and current sensory feedback in order to optimally combine these pieces of information.  How does the nervous system represent prior and likelihood and their associated uncertainties? Currently, there is relatively little known about this (although some theories have been proposed; see the last section of this review).  However, when it comes to movement, it has been found that the dorsal premotor cortex and the primary motor cortex encode multiple potential reaching directions, indicating a potential representation of priors.60–64

However, we clearly do not understand yet how the nervous system integrates priors and likelihoods.

Combining information across time

In the previous sections, we discussed how information from multiple senses and from priors can be combined in order to arrive at better estimates about the world.  However, many hidden variables in the world change over time - for example, the cat’s position is changing as the cat moves through the garden, and we obtain information about its whereabouts at different points in time (Fig.  3A).

Such cases are captured by graphical models where the hidden variable exists with potentially different values as a function of time (Fig.  3B).  The graphical model highlights the so-called Markov property: conditioned on the present state of the world, the past is independent from the future.

The situation and graphical model depicted in Figure 3 can be seen as an extension of the cue combination and prior likelihood models, but in which the hidden variable can change over time.

Thus, at any point of time, the model is identical to the prior-likelihood integration model, and the joint estimate obtained at that point of time will then be the updated prior for the next point of time.

The graphical model in Figure 3B underlies a range of related models.  Models of this type that estimate discrete hidden variables are usually called hidden MARKOV models (HMM).  When the variables are continuous and probability distributions are Gaussians, then the model is usually called a KALMAN model.65

When these models are used to make estimates about a given point of time, given only the past, they are generally called ﬁlters; when they make estimates given both past and future, they are called smoothers.  Still, all these approaches share the same graphical model that speciﬁes the Markov property and only differ in speciﬁc additional assumptions.

The Markov property is named after Andrey MARKOV, one of the pioneers of the theory of stochastic processes.

It should be noted here that any model with the structure of Figure 3b is a hidden Markov model, as the hidden variable has the Markov property.  However, usually this name is only used for discrete models.

Figure 3.  Combining information across time.  (A) Example of an indirect observation of a cat’s position, at different points of time (t−2, t−1, and t , t being the present time).  (B) Graphical model ofwhat is seeninA.ThehiddenvariableX (positionof the cat) at each point of time produces a variableO that is observed.

(C) Graphical model similar to B, but in which the external effect of a controller (in this case, a person) is incorporated in the model, which will affect X.

With the current belief (prior).  A ﬁlter, e.g., the Kalman ﬁlter, can be seen as a system that alternates between two steps: (1) cues are combined with current beliefs using Bayes rule and (2) the dynamics of the world (in our example, how fast the cat changes position) affect our estimates regarding the state of the world and thus our belief.  Some of the dynamics are generally unpredictable, making us less certain about the world (if the world is changing unpredictably, we become uncertain about it), while the cues we receive generally make us more certain about the world.

The interplay between unpredictable changes and observation deﬁnes uncertainty in such Bayesian models.

When we interact with the world, our movements also affect the dynamics of the world.  This means that the state of the world at the next point in time depends on its previous state as well as our own state.  For example, our own movements will affect the cat’smovements as well, and therefore we should incorporate our own movements into the estimates.

This situation is captured by the graphical model that underlies the Kalman controller (Fig.  3C).  As the model retains the Markov property, and given that we know our own motor commands, solutions to this problem are very similar to those of the Kalman ﬁlter.

These kinds of situations, in which we sense and interact with the world, have previously been described by other models, such as state space models.66,67

In these models, a set of input, output, and state variables are related by ﬁrst-order differential equations.  In them, like in a Kalman ﬁlter, there is as well a kind of “internal model” or “belief ” that can change with time.  However, in contrast with a Kalman ﬁlter, these models do not incorporate uncertainty.  Uncertainty is maybe one of the most unique features of humans and other biological controllers, as we have to sense and act in  noisy and uncertain environments.  68

Therefore, interaction with an environment, like the learning of a new motor command, should depend on the uncertainty of the environment.  This idea, brought by Bayesian models, that uncertainty should play a role, has led to new models and new experiments to test those models.  The incorporation of uncertainty in these new models permitted them, perhaps not surprisingly, to better characterize behavior.

Models of the Kalman ﬁlter or Kalman controller type have been successfully applied to explain movement and perceptual data.  For example, they have been  used  to  explain how  human subjects estimate their hand position during and after movements.69,70

They have also been shown to predict salient aspects in the control of posture.71–74

During movement, the nervous system constantly needs to estimate the state of the body and the world, and Kalman ﬁlter–based algorithms are natural solutions to this kind of problem.

The same kind of Kalman ﬁlter model has been used to make estimates over longer periods of time, and learning has been conceptualized as such a longterm estimation.75

The idea behind this conceptualization is that learning is the process by which we obtain knowledge about the world.  If the world is changing rapidly, then we need to learn and forget rapidly, and vice versa.  For example, the way human subjects adapt to force ﬁelds,76, visuo-motor perturbations, 77, use available sensory information to minimize arm-reaching errors over time, 78,79, and the way monkeys adapt their saccades, 80, are all phenomena that have been modeled by conceptualizing learning as a form of Bayesian estimation.

Situations in which we interact with the world generally ask for Kalman controllers since our movement affects the state of the world.  Such estimators are naturally part of many approaches to optimal control.21,81,82

Many human behaviors have been shown to be close to optimal in the optimal control sense.70,83–86

Overall, people tend to efﬁciently combine their ownmotor commands and sense cues into continuous estimates of the properties of the world.

Temporal models of this kind have also been extensively used to decode the state of the brain.  For example, in many applications, scientists want to estimate the intent of an animal or a patient based on neural recordings.  For example, say we want to estimate where a locked-in patient would like to have his hand.  The position where the person wants the hand to be will probably change smoothly over time.  A Kalman-ﬁltering approach allows combining knowledge of typical movements (deﬁning the state dynamics) with ongoing recordings of neural activities.87–91

Lastly, there are a range of theories of how the nervous system can implement something like a HMM or Kalman ﬁlter.92,93

The brain appears to be good at integrating information over time.  How exactly it achieves that is an exciting topic of ongoing research.

Figure 4.  Inferring the causal structure of the world.  (A) Example of an indirect observation of a cat’s position.  In this case, the movement of the bush is seen in one direction, but the “meow” seems to come from somewhere else.  (B) Graphical model of what is seen in A.  The visual and the auditory cue may have a common cause (left box) or randomly co-occurring, independent causes (right box).

Inferring the causal structure of the world

Up to now, we have discussed cases where the structure of the world and thus the relations between hidden and observed variables is known.  However, there are many cases where relations are not known.

Let us consider again the example of estimating the cat’s position, but now imagine that the sound comes from one direction and the movement happens in a very different direction (Fig.  4A).  In this case, it is unlikely that the cat caused both themovement and the meow and it is more likely that there were independent causes.  In such situations we have uncertainty about the causal structure.

We can formalize such problems as a mixture problem (see Fig.  4B).  If we hear and see something at the same time, there are two causal interpretations.  Either one variable (e.g., the cat) caused both cues or, alternatively, there may have been two independent causes (e.g., a cat making a meow and a squirrel making the bush move).  In such cases, we can enumerate all the possible causal structures (in this case, the common cause assumption and the independent cause assumption).  After enumerating the possible causal structures, assumptions are made of how likely each causal structure is, and together this speciﬁes assumptions about the world.

In the previous examples given, we were dealing with the issue of estimating the values of hidden variables.  In these mixture problems, besides estimating the hidden variables, it is also necessary to estimate the causal structure of the world (causal inference).  In our example, if the cat caused both cues, then we want to combine them.  However, if the cat only caused the auditory cue, then we do not want to combine it with the moving bush information.  Nevertheless, the same Bayesian methods can be used - we can calculate how likely each causal structure is given the data and consider all of them or, alternatively, the most likely one.

The act of trying to ﬁnd the causal structure of the world is a particularly important one.  Knowing the right causal structure can allow us to do better estimates and make predictions.

However, this is a particularly difﬁcult task.  Given that we do not observe directly the causal relation, we have to infer it from the observed sensory input, 9,94, and sometimes this input can be quite unclear (say if the moving bush and the meo were just slightly apart).  A wrong causal inference can have deleterious effects, from the simple miscalculation of the cat’s position (e.g., estimating it is in the middle while it is much more on the right side) to incorrect attributions of causal relations with impact in people’s life and well being (e.g., in schizophrenia/delusion, patients often attribute a wrong causal role to, say, CIA, for common effects observed in their life).

A good amount of recent behavioral work has shown that these phenomena are in place when people combine visual cues,95, when they combine movement in the bushes and the sound, we can infer that if we would hypothetically remove the cat, then the sound and the movement would disappear.

It has also been discussed to what extent the system chooses the best causal interpretation or considers all of them.99–101

A range of recent reviews discuss this general problem.12,38,40

Importantly, the same Bayesian framework that we explained in previous sections can be used, only now the causal structure is part of the estimation problem.

There is some emerging work on the neural implementation of causal inference.102

However, so far as we know, relatively little about the way the brain represents the causal structure of the environment.

We want to emphasize here that causal inference emerges quite naturally from cue combination.

Given each causal structure (i.e.,when we are within each box in Fig.  4B), the same rules apply as for cue combination.  Only now, besides calculating the best estimates for each model, we also have to estimate how much trust we place into each causal model.

Inference in systems with switching dynamics

Above, we have seen how cue combination is extended to causal inference by assuming uncertainty about the causes behind the observed data.  We have also seen how cue combination becomes ﬁltering (e.g., in the Kalman ﬁlter) by simply assuming that relevant hidden variables change over time and thus have dynamics.  These two may be combined into a switching system - a system where the dynamics of the hidden variables are not always constant but change at given points of time.

Switching systems are important in the context of movement modeling.  For example, a cat may sometimes walk and sometimes run and the consequent temporal dynamics of the cat’s position are different if the cat is walking or running.  A good statistical model of cat locomotion should account for this - having onemodel for running and another for walking along with a model for transitions between the two.

Thesemixture approaches are of practical importance the context of neural decoding.  In such applications, scientists often want to estimate the user’s intent based on neural recordings - often with the objective of enabling prosthetic devices to restore function.  For example, when we want to decode intended movement from neural activities, we may want to model the fact that there may be a number of different targets of reaches, each associated with distinct dynamics.103,104

Similarly, behavior may transition between times of rest and times of movement, and detecting such changes has been shown to improve decoding quality.105

A recent paper has proposed how the nervous system could implement such switching system.  It assumes a neurally implemented Kalman ﬁlter that can rapidly change its state estimate in a way that is triggered by speciﬁc neuromodulators.106

However, we are not aware of speciﬁc neural data about the way the nervous system actually implements mixture models with temporal dynamics.

Generative models for visual scenes

So far we have focused on cases that are close to sensorimotor integration.  Here, we want to discuss a set of applications of graphical models that have a very different ﬂavor and yet use the same general framework.  Speciﬁcally,we want to discuss Bayesian models that derive algorithms for object recognition and scene segmentation based on assumptions of the way visual scenes are made.

One way of conceptualizing how a visual scene is made is by assuming that we start with an empty image and keep ﬁlling it with objects until we have obtained our ﬁnal image.Wemay ﬁll the scene with different kinds of objects - e.g., animals, texts, and textures.  In fact, this is exactly how recent objects of internet fame,107, are made (Fig.  5B).  This conceptualization of how a visual scene is made can be readily converted into a graphicalmodel (Fig.  5A) - although it should be noted that the number of objects, texts, and textures visible in a scene needs to be estimated as well (which is akin to causal inference) and could be drawn using plate notation.108

Figure 5.  Generative models for visual scenes.  (A) Graphical model of a generative model for visual scenes
In plate notation, instead of using a circle to denote one random variable, a rectangle with a letter is used, which implies that an unknown (potentially) inﬁnite number of variables may exist.  Each image is then caused by an unknown number of objects, textures, and texts, the number of which is also estimated according to Bayesian rules.

This Bayesian approach of dealing with a visual scene is said to be generative model–based as it assumes a scene that causes objects, texts, and textures that, by their turn, generate the observed visual image.  Previous computational approaches dealing with visual scenes had amore ad-hoc approach.

In this model, a scene starts empty and is then ﬁlled with different concepts: objects (animals; people...), texts (written text), and texture.

The small letters in the lower left corner of the boxes, M, N, and K represent the (unknown) number of objects, texts, and textures present in the image.  (B) Example of a visual scene.

Highlighted in red is the “object,” in blue is the “text,” and the rest of the image can be considered “texture.” For example, in normalized cut,109,  the way to segment an image follows a set of heurists that tries to maximize similarity within groups and dissimilarity between the different groups, but these heuristics are not based on an understanding of how images are generated by the world.

The Bayesian approach has been successfully used in a number of recent studies in computer vision.

For example, it has been used to model complex scenes, 110,111 and to model objects and their parts.112

The problems are very dissimilar to the ones we discussed above, and yet the mathematical approach of inferring the causal structure is very similar.

Bayesian decision making

So far, we have discussed ways of estimating hidden variables, but that is only the ﬁrst step in decision making systems.  In our example, after estimating the probabilities associated for each potential cat’s location around the garden, we have to choose how to capture it.  Depending on the way we do that, we may incur in a cost—for example, by stepping on the cat’s tail.  In the ﬁeld of economics, such costs are generally described as negative utility; utility measures the subjective value of any possible situation.

Decision theory deals with this problem of choosing the right action given uncertainty, generally by calculating the action that maximizes (positive) expected utility.113

To make good decisions,we need to combine our uncertain knowledge of the world with the potential rewards and costs we may encounter.

Bayesian decision making can thus be seen as the important ﬁnal step in all the models explained above.  The models explained in previous sections give us potential optimal ways of perceiving the world, but if we then want to act upon it, we should also take into account the potential rewards and risks associated with each estimate.

Sensorimotor research has shown that human subjects, when doing a movement task, besides being able to estimate their motor uncertainties, 86, can take into account both rewards and penalties associated with the said task and aim their movements in a way that maximizes expected utility.114

This is in contrast to many high-level economics tasks, where human subjects exhibit a wide range of deviations from optimality.115,116

To maximize expected utility, our brain has to represent not only the reward or cost value for each action, but also the associated uncertainty.  The neural representation of these variables has been the focus of the emerging ﬁeld of neuroeconomics.Neuroeconomics tries to understand the neural processes that occur during decision making within the framework of Bayesian decision theory.39,117,118

Responses to reward value and reward probability have been identiﬁed in neurons in the orbitofrontal cortex, striatum, amygdala, and dopamine neurons of the midbrain.119–124

Lately, research in neuroeconomics has been shifting focus from the mere coding of expected value and magnitude of reward to neural representations of reward uncertainty, in the form of both risk and ambiguity.  Uncertainty in reward has been hypothesized to be represented in some of the brain areas typically associated with reward coding, such as dopamine neurons,119, the amygdala, 125, the orbitofrontal cortex, and the striatum.126,127

However, it has been noticed that neuronal activations related to uncertainty in reward (more speciﬁcally, to risk) seem to be segregated spatially and temporally from activations due to expected reward, with activations due to risk occurring later than the immediate activations due to expected reward.126

Besides these activations in reward-related areas, uncertainty in reward has also been associated with unique activations in the insula, 128,129, and in the cingulate cortex.130,131

Thus, reward value and risk have been associated with spatially and temporally distinct neural activations in speciﬁc brain areas, suggesting that the brain can use both sources of information to estimate expected utility and guide actions.

Neural representations of uncertainty

So far, we have discussed how variables, both hidden and observed, relate to one another and how these models have given rise to behavioral and neurophysiological experiments.  Here,we want to more generally discuss how the nervous system may represent uncertainty.  We will consider a range of theories that have been put forward to describe how neurons may represent uncertainty and also discuss actual neural data that can be related to these theories.

Imagine we are recording from a neuron somewhere in the nervous system.  How could the ﬁring of that neuron indicate the level of uncertainty? Importantly, most neurons in the nervous system appear to have tuning curves: if the world, our cognitive state, or ourmovement changes, then the ﬁring rate of the neuron changes.  There are thus at least two ways how uncertainty could be encoded: either there are specialized neurons that encode uncertainty and nothing else or, alternatively, neurons may have tuning curves representing some variable and encode uncertainty at the same time.

The ﬁrst theory is the most simple: there may be a subset of neurons that only encode uncertainty (Fig.  6A), for example, using the neuromodulators

Covariate, e.g., direction

Firing rate Covariate, e.g., direction

Firing rate Covariate, e.g., direction

Firing rate Firing rate Firing rate

Low uncertainty

High uncertainty

Histogram

A

Probabilistic population codes

Separate population

Tuning width

Relative timing change

Sampling 

B

C

D

E

F

Changed functional connectivity

Time

Time

Figure 6.  Possible neural representations of uncertainty.  In red are the putative ﬁring rates (or connections) in a lowuncertainty state, and in the blue are the ones occurring in a high-uncertainty state.  Panels A through F represent different theories that have been proposed on how the brain could be representing uncertainty.

This theory appears to have signiﬁcant experimental support.  For example, some experiments, as discussed above, indicate that uncertainty about reward appears to be represented by groups of dopaminergic neurons in the substantia nigra, insula, orbitofrontal cortex, cingulate cortex, and amygdala.119,128,129,131

However, even neurons in these areas have clear tuning to other variables.  Also, the experiments in support of this theory generally refer to high-level uncertainty, such as the uncertainty associated with potential rewards, and not uncertainty that is related to say sensory or motor information, which can be considered more “low-level uncertainty” and might be represented in a different way.

A second possibility states that the width of tuning curves may change with uncertainty and that the neurons may jointly encode probability distributions (Fig.  6B).  Such a joint encoding makes sense given that the visual system exhibits far more neurons than inputs and the extra neurons could encode probability distributions instead of point estimates.  When uncertainty is high, then a broad set of neurons will be active but exhibit low activity, while at low uncertainty, only few neurons are active but with high ﬁring rates (see Fig.  6B).  Support for this theory comes from early visual physiology where spatial frequency tuning curves of neurons in the retina are larger during darkness (when there is more visual uncertainty) than during the day.

A third inﬂuential theory of the encoding of uncertainty is the so-called probabilistic population code, or PPC (Fig.  6C).  This theory starts with the observation that the Poisson-like ﬁring observed for most neurons automatically implies uncertainty about the stimulus that is driving a neuron.

In this way, neurons transmit the stimulus information while at the same time jointly transmitting the uncertainty associated with that stimulus.  Speciﬁcally, the standard versions of this theory predict that increased ﬁring rates of neurons imply decreased levels of uncertainty.  Some data in support of this theory come from studies on cue combination.50,51

More support comes from the general ﬁnding that early visual activity is higher when contrast is higher and thus uncertainty is lower.  136–138

For Poisson like variability, however, not a lot of experimental support exists, and more advanced population decoding studies are needed.

Another theory that has been put forward suggests that while the tuning curves stay the same, the relative timing of signals may change

(Fig.  6D).139,140

If uncertainty is low, then neurons will ﬁre a lot and quickly when a stimulus is given, but will more quickly stop ﬁring.  If, on the other hand, uncertainty is high, then neurons ﬁre less but for a longer time.  In that way, the total number of spikes may be the same, but their relative timing changes.  There is some evidence for this theory coming from studies in the area MT that shows differential temporal modulation when animals are more uncertain.141

Another theory is the sampling hypothesis.142–145

According to this theory, neurons will spike a range of instantaneous ﬁring rates that is narrow over time if the nervous system is certain about a variable and has a wider range if it is less certain (see Fig.  6E).

Evidence for the sampling hypothesis comes from some recent experiments comparing the statistics of neuronal ﬁring across different situations.146,147

It is also compatible with the observed contrast invariant tuning properties of neurons in the primary visual cortex.148

There are, furthermore, behavioral experiments with bistable percepts that can be interpreted in that framework.142,149

However, no experiments, to our knowledge, have explicitly changed probabilities and measured the resulting neuronal variability.

As a last theory, we want to mention the possibility that uncertainty could be encoded not in the ﬁring properties of neurons but in the connections between them (see Fig.  6F) - for example, in the number and strength of synapses between them.150

This type of uncertainty coding makes sense in the case of priors, as priors are acquired over long periods of time and thus there is a need to store information in a more durable way.  Uncertainty, in this case, would thus change the way that neurons interact with one another.  
As we discussed, there is a wide range of exciting theories of how the nervous system could represent probability distributions in the ﬁring rates of the neurons.  It is also possible that uncertainty is encoded not in the ﬁring properties of neurons but in the connections between them.  We should also not forget that the nervous system has no reason to use a code for uncertainty that is particularly easy for us humans to understand.  So far, available experimental data does not in any way strongly support one theory over the others.  More importantly, these theories (portrayed in Fig.  6) are notmutually exclusive.  The nervous system may use any or all of these mechanisms to encode uncertainty at the same time, and use different types of coding for different types of uncertainty.  The goal of future research should be not only to see which, if any, type of uncertainty coding the brain is using in each case, but also to try to ﬁgure out what could be the unifying organizing principle that could explain most of the available experimental data.  As we saw in this review, there are many different types of uncertainty in the world, and Bayes theory provides a simple organizing principle that tells us how we should act in face of any type of uncertainty.  Similarly, we should strive to ﬁnd an organizing principle that could underlie the different types of uncertainty representations in the brain.

Problems and future directions

Here, we have reviewed how Bayes theory can be used to formalize how we should act in face of any type of uncertainty.  We have discussed how a range of different models that have been used to model aspects of processing in the nervous system derive from underlying assumptions about the structure of the world.  Speciﬁcally, algorithms of cue combination assume that there is one causal event (the hidden variable that we want to estimate) that is reﬂected in multiple sensory cues, while prior likelihood algorithms generally only assume one sensory cue but take into account prior information about that event.  However, in both these algorithms, the variable of interest is assumed to not change with time.  Models of the type of Kalman ﬁlter and Kalman controller do not have this assumption, and take into account the dynamics of the world for their estimates.  In mixture models, on the other hand, besides estimating the hidden variables, the causal structure of the world itself needs to be estimated.  In switching dynamic models, even the dynamics of the world are not assumed to be constant, and there is uncertainty about which type of dynamics the world has at any given point of time.

Lastly, speciﬁc assumptions of how images are generated in the world give rise to Bayesian computer vision algorithms.  Finally, we saw how Bayesian decisionmaking can be regarded as an important ﬁnal step in all the models explained above, incorporating the potential rewards and costs associated with each estimate.  All these models derive from distinct assumptions, but they all use the idea that uncertainty should be taken into account and that different pieces of information can be combine optimally using Bayes rule.

A question that arises is how we get the information that allows us to make Bayesian inferences about sensory, motor, and causal events.

There are multiple timescales over which information is acquired.  Over short periods of time, the nervous system obtains information (sensory stimulation).  Over longer timescales, the nervous system learns.  And over evolutionary timescales, the nervous system evolves, which implies acquiring knowledge about the kind of environment in which we live.  Bayesian theories of human behavior are fundamentally about the use of information.  As such, if a person behaves as should be expected from Bayesian statistics, there is always the question of the timescale over which the relevant information was acquired; i.e., if it was obtained during someone’s lifetime (i.e., learned) or if it is innate (i.e., obtained by the nervous system through evolution).  Further behavioral and neuroscientiﬁcwork is necessary to answer this question.

It deserves to be mentioned that Bayesian behavior occasionally comes with disadvantages.  Having prior beliefs introduces biases, and these biases may make us less optimal in changing environments - we become prejudiced.  The existence of a strong prior can sometimes bias our perception of the world, as we do not see what is really there, making us apparently “less optimal.”  Examples are the optical illusions mentioned before (Fig.  2C and D).

There are also rumors that some Bayesians tend to have very strong priors that behavior is likely to be related to priors.  However, cases in which priors introduce wrong biases appear to be rare, and in the majority of cases Bayesian behavior helps us to more rapidly and more efﬁciently sense the world.

The question naturally arises of how close people’s behavior is to the Bayesian ideal.  Performing optimally all the time implies that people always have the right causal model, know precisely the probability distributions associated with each event, and consistently make optimal decisions.  A frequently proposed alternative to Bayesian behavior is the idea of heuristics.  Instead of behavior being optimal,we use a relatively small set of strategies that just allow us to do good enough.151

It seems unlikely that human behavior is perfectly optimal, and it is quite possible that neurons just somehow approximate optimal behavior.  However, Bayesian statistics does explain a good amount of observed behavior, and it also provides a simple coherent theoretical framework that can provide quantitative models and lead to computational insights.

Finally, we want to point out that there is currently some disconnection between Bayesian theories and experimental data about the nervous system.  While there are many theoretical proposals of how the nervous system might represent uncertainty, there is not much experimental support for any of them.

We hope that future experiments using a wide range of technologies including behavioral, electrophysiology, and imaging studies will shine light on these issues.
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(2) Visualizing Bayes’ theorem
I recently came up with what I think is an intuitive way to explain Bayes’ Theorem.  I searched in google for a while and could not find any article that explains it in this particular way.
Of course there’s the wikipedia page, that long article by Yudkowsky, and a bunch of other explanations and tutorials.  But none of them have any pictures.  So without further ado, and with all the chutzpah I can gather, here goes my explanation.

Probabilities

One of the easiest ways to understand probabilities is to think of them in terms of Venn Diagrams.  You basically have a Universe with all the possible outcomes (of an experiment for instance), and you are interested in some subset of them, namely some event.  Say we are studying cancer, so we observe people and see whether they have cancer or not.  If we take as our Universe all people participating in our study, then there are two possible outcomes for any particular individual, either he has cancer or not.  We can then split our universe in two events: the event "people with cancer" (designated as A), and "people with no cancer" (or ~A).  We could build a diagram like this:

[image: image14.png]Universe




So what is the probability that a randomly chosen person has cancer? It is just the number of elements in Adivided by the number of elements of U (the Universe).  We denote the number of elements of A as |A|, and read it the cardinality of A.  And define the probability of A, P(A), as

[image: image15.png]



Since A can have at most the same number of elements as U, the probability P(A) can be at most one.

Good so far? Okay, let’s add another event.  Let’s say there is a new screening test that is supposed to measure something.  That test will be "positive" for some people, and "negative" for some other people.  If we take the event B to mean "people for which the test is positive".  We can create another diagram:

[image: image16.png]



So what is the probability that the test will be "positive" for a randomly selected person? It would be the number of elements of B (cardinality of B, or |B|) divided by the number of elements of U, we call this P(B), the probability of event B occurring.

[image: image17.png]



Note that so far, we have treated the two events in isolation.  What happens if we put them together?

[image: image18.png]Universe




We can compute the probability of both events occurring (AB is a shorthand for A∩B) in the same way.

[image: image19.png]



But this is where it starts to get interesting.  What can we read from the diagram above?

We are dealing with an entire Universe (all people), the event A (people with cancer), and the event B (people for whom the test is positive).  There is also an overlap now, namely the event AB which we can read as "people with cancer and with a positive test result".  There is also the event B - AB or "people without cancer and with a positive test result", and the event A - AB or "people with cancer and with a negative test result".

Now, the question we’d like answered is "given that the test is positive for a randomly selected individual, what is the probability that said individual has cancer?".  In terms of our Venn diagram, that translates to "given that we are in region B, what is the probability that we are in region AB?" or stated another way "if we make  region Bour new Universe, what is the probability of A?".  The notation for this is P(A|B) and it is  read "the probability of A given B".

So what is it? Well, it should be

[image: image20.png]P(A|B) =
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And if we divide both the numerator and the denominator by |U|
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we can rewrite it using the previously derived equations as

[image: image22.png]



What we’ve effectively done is change the Universe from U (all people), to B (people for whom the test is positive), but we are still dealing with probabilities defined in U.

[image: image23.png]



Now let’s ask the converse question "given that a randomly selected individual has cancer (event A), what is the probability that the test is positive for that individual (event AB)?".  It’s easy to see that it is
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Now we have everything we need to derive Bayes’  theorem, putting those two equations together we get

[image: image25.png]P(A|B)P(B) = P(B|A)P(4)




which is to say P(AB) is the same whether you’re looking at it from the point of view of A or B, and finally
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Which is Bayes’ theorem.  I have found that this Venn diagram method lets me re-derive Bayes’ theorem at any time without needing to memorize it.  It also makes it easier to apply it.

Example

Take the following example from Yudowsky:

1% of women at age forty who participate in routine screening have breast cancer.  80% of women with breast cancer will get positive mammograms.  9.6% of women without breast cancer will also get positive mammograms.  A woman in this age group had a positive mammography in a routine screening.  What is the probability that she actually has breast cancer?

First of all, let’s consider the women with cancer
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Now add the women with positive mammograms, note that we need to cover 80% of the area of event A and 9.6% of the area outside of event A.

[image: image28.png]



It is clear from the diagram that if we restrict our universe to B (women with positive mammograms), only a small percentage actually have cancer.  According to the article, most doctors guessed that the answer to the question was around 80%, which is clearly impossible looking at the diagram!

Note that the efficacy of the test is given from the context of A, "80% of women with breast cancer will get positive mamograms".  This can be interpreted as "restricting the universe to just A, what is the probability of B?" or in other words P(B|A).

Even without an exact Venn diagram, visualizing the diagram can help us apply Bayes’ theorem:

· 1% of women in the group have breast cancer → P(A) = 0.01

· 80% of those women get a positive mammogram, and 9.6% of the women without breast cancer get a positive mammogram too → P(B) = 0.8 P(A) + 0.096 (1 - P(A)) = 0.008 + 0.09504 = 0.10304

· we can get P(B|A) straight from the problem statement, remember 80% of women with breast cancer get a positive mammogram → P(B|A) = 0.8

Now let’s plug those values into Bayes’ theorem

[image: image29.png]P(A|B) =
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which is 0.0776 or about a 7.8% chance of actually having breast cancer given a positive mammogram.

From Encyc Brit 2008 (DVD):

BAYESIAN FORMULA/ RULE/ THEOREM
In probability theory, ~ is a means for revising predictions in light of relevant evidence, also known as conditional probability or inverse probability.  The theorem was discovered among the papers of the English Presbyterian minister and mathematician Thomas BAYES and published posthumously in 1763.  

Related to the theorem is Bayesian inference, or Bayesianism, based on the assignment of some a priori distribution of a parameter under investigation.  In 1854 the English logician George BOOLE criticized the subjective character of such assignments, and Bayesianism declined in favour of “confidence intervals” and “hypothesis tests”—now basic research methods.

Article:  Bayes's theorem used for evaluating the accuracy of a medical test

Bayes's theorem used for evaluating the accuracy of a medical test

A hypothetical HIV test given to 10,000 intravenous drug users might produce 2,405 positive test results, which would include 2,375 “true positives” plus 30 “false positives.” Based on this experience, a physician would determine that the probability of a positive test result revealing an actual infection is 2,375 out of 2,405—an accuracy rate of 98.8 percent.

Encyclopædia Britannica, Inc.


* Bayes's theorem used for evaluating the accuracy of a medical test

As a simple application of Bayes's theorem, consider the results of a screening test for infection with the human immunodeficiency virus (HIV; see AIDS).  Suppose an intravenous drug user undergoes testing where experience has indicated a 25 percent chance that the person has HIV.  A quick test for HIV can be conducted, but it is not infallible: almost all individuals who have been infected long enough to produce an immune system response can be detected, but very recent infections may go undetected.  In addition, “false positive” test results (that is, a false indication of infection) occur in 0.4 percent of people who are not infected.  Hence, positive test results do not prove that the person is infected.  Nevertheless, infection seems more likely for those who test positive, and Bayes's theorem provides a formula for evaluating the probability.  The logic of this formula is illustrated in the figure and explained as follows.

Suppose that there are 10,000 intravenous drug users in the population, of which 2,500 are infected with HIV.  Suppose further that if all 2,500 people are tested, 95 percent (2,375 people) will produce a positive test result.  The other 5 percent are known as “false negatives.” In addition, of the remaining 7,500 people who are not infected, about 0.4 percent, or 30 people, will test positive (“false positives”).  Since there are 2,405 positive tests in all, the probability that a person testing positive is actually infected can be calculated as 2,375/2,405, or about 98.8 percent.

Applications of Bayes's theorem used to be limited mostly to such straightforward problems, even though the original version was more complex.  There are two key difficulties in extending these sorts of calculations, however.  First, the starting probabilities are rarely so easily quantified.  They are often highly subjective.  To return to the HIV screening described above, a patient might appear to be an intravenous drug user but might be unwilling to admit it.  Subjective judgment would then enter into the probability that the person indeed fell into this high-risk category.  Hence, the initial probability of HIV infection would in turn depend on subjective judgment.  Second, the evidence is not often so simple as a positive or negative test result.  If the evidence takes the form of a numerical score, then the sum used in the denominator of the above calculation will have to be replaced by an integral.  More complex evidence can easily lead to multiple integrals that, until recently, could not be readily evaluated.

Nevertheless, advanced computing power, along with improved integration algorithms, has overcome most calculation obstacles.  In addition, theoreticians have developed rules for delineating starting probabilities that correspond roughly to the beliefs of a “sensible person” with no background knowledge.  These can often be used to reduce undesirable subjectivity.  These advances have led to a recent surge of applications of Bayes's theorem, more than two centuries since it was first put forth.  It is now applied to such diverse areas as the productivity assessment for a fish population and the study of racial discrimination.
http://en.wikipedia.org/wiki/Bayes'_theorem

A simple example of Bayes' theorem
Suppose there is a school with 60% boys and 40% girls as its students. The female students wear trousers or skirts in equal numbers; the boys all wear trousers. An observer sees a (random) student from a distance, and what the observer can see is that this student is wearing trousers. What is the probability this student is a girl?  The correct answer can be computed using Bayes' theorem.
The event A is that the student observed is a girl, and the event B is that the student observed is wearing trousers. To compute P(A|B), we first need to know:

· P(B|A), or the probability of the student wearing trousers given that the student is a girl. Since girls are as likely to wear skirts as trousers, this is 0.5.

· P(A), or the probability that the student is a girl regardless of any other information. Since the observer sees a random student, meaning that all students have the same probability of being observed, and the fraction of girls among the students is 40%, this probability equals 0.4.

· P(B), or the probability of a (randomly selected) student wearing trousers regardless of any other information. Since half of the girls and all of the boys are wearing trousers, this is0.5×0.4 + 1.0×0.6 = 0.8.

Given all this information, the probability of the observer having spotted a girl given that the observed student is wearing trousers can be computed by substituting these values in the formula:

[image: image30.png]



Another, essentially equivalent way of obtaining the same result is as follows: Assume, for concreteness, that there are 100 students, 60 boys and 40 girls. Among these, 60 boys and 20 girls wear trousers. All together there are 80 trouser-wearers, of which 20 are girls. Therefore the chance that a random trouser-wearer is a girl equals 20/80 = 0.25. Put in terms of Bayes´ theorem, the probability of a student being a girl is 40/100, the probability that any given girl will wear trousers is 1/2. The product of these two is 20/100, but we know the student is wearing trousers, so one deducts the 20 students not wearing trousers, and then calculate a probability of (20/100)/(80/100), or 20/80.

It is often helpful when calculating conditional probabilities to create a simple table containing the number of occurrences of each outcome, or the relative frequencies of each outcome, for each of the independent variables. The table below illustrates the use of this method for the above girl-or-boy example

	
	Girls
	Boys
	Total

	Trousers
	20
	60
	 80

	Skirts
	20
	 0
	 20

	Total
	40
	60
	100
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Letters to the Editor Debate
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@ Turn of the Millenium Y2000

Letters to the Editor,

The Courier,

110 Creswick Rd,


Ballarat, 3350.
Ph (03) 5320 1200
DMY = 22/07/2000
Ms TOLHURST (Courier 22/07/2000) wishes to suggest that “the millenium” will be completed on 31/12/2000.  Basically she says this occurs because the lifetime of living beings should receive special treatment, in measurement, in their initial year.

It is true that many people say that a child younger than 12 months is in its “first year”, but in mathematical fact it is in its “zeroth year.”  The truth is, only when the zeroth year is complete, then the child becomes one year old, and lives in year one, or of age one.  When the ninth year is complete, the child is ten years old, or of age ten, and so on.

This common error is inherited from millenia of shoddy thinking.  So why should anyone continue to perpetuate this factual error, used 1500 years ago when the digit zero did not exist?

The former scheme, i.e., counting from Year 1 to Year 1000, is said to accord with history.  Indeed this is true, for in 525 Dionysius EXIGUOS (Dennis the Small) was asked by Pope John I to formulate the AD system of dating.  So Dionysus accurately went forward in time, but when going backwards, he correctly counted down to Year 100 (“C”), then Year 10 (“X”), but he lastly WRONGLY counted to Year “I”, not to year zero!

But against erroneous history there must be argued mathematical fact !  If a length measurement yields 0.5metres, do we say this measurement is in its first metre?  Just look at that units column of that length figure.  Does it say zero or one?  Just what is so stupendously difficult about saying this measurement is in its zeroth metre?  This same argument about zero applies to measurements in Mass, Time, Temperature, Current, and Radiation.  And Lifetimes as well !!

By the way, Ms TOLHURST adds another (historical) error.  Current theological research holds that Christ was NOT born in one AD.

Encyclopedia Britanica states that Christ was born in Judea in 6BC.  Sydney University theologian Barbara THIERING puts Christ’s year of birth at 7BC.  Encarta97 puts the year at between 8BC and 4BC.  The Oxford historian Robin FOX puts the nativity at 14BC.  Our Australian Macquarie Dictionary puts Christ’s birth year at 20BC.  

If Ms TOLHURST wishes to use Christ’s birth date as a significant marker (the Muslims don’t), then her 2nd millenium has passed at least 4 years ago, and she needs to update the rest of her thinking in quite a few ways.  Most of us will continue to use a calendar decade from 0 to 9, a century from 00 to 99, and a millenium from 000 to 999.

Historical Note:

The “Festival of the Counting Debate” - in my local newspaper has occurred :

· Every decade from 1960 on …

· At the century turnover from Y199X to Y2000;

· At the millennium turnover of Y2000;

· And hopefully this debate will continue every decade, century, and millennium in perpetuity, by bequest.







The “Bicimal Point” lies at the corresponding point as for the “Decimal Point”.





NOTE: �Between the top “No” and the bottom “Yes”, �there are 14 unused spaces in the 4 bit patterns.





And there are 126 unused spaces,�between “No” and “Yes” in the 8 bit patterns.





… So don’t say :�“Binary Logic is just simplistic  ‘Yes and ‘No’.”
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